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A  Proofs

A.1 Proposition

Proposition (First Stage Equivalence). Under assumption |l and @
E(Dn) = XnBO + (Mn o Xn) ﬁ’

where 7j = 1;9(Bo, Xn, My) for some function g depends on By, X, and M,.

!/

Proof. Let M,, = (m1,ma,--- ,my), where m/ is the jth column of M,, ny = (10,1,M0,2,** s Mo,n)

/
and X, = (Tn1,Zn2, - ,Tnn) . Then

<Mn ° 770>2 = (Mn o ?70) (m1770,1, mano,2, - - ,mnﬁo,n>
= [(Mn o 770>’m1770,1, (Mn o 770) mano,2, (Mn o 770) mnno,n]
= |:(Mn ° m1)770770,1, (Mn ° m2>770770,2, R (Mn ° mn)ﬁono,n]
Thus
(Mn ° 7]0) 250X = (Mn o ml)ﬁoﬁo,ll‘n,lﬁo + (Mn o mz)ﬁoﬁo,zxn,zﬂo +- (Mn o mn) 1070,n%n,n50

= <Mn (¢] m1>7701)% + (Mn o mg) 7701]% + -+ <Mn o mn> 7701)711

where vil = 10,iTn,iBo. Next proof by induction. Assume

k
<Mn ° 770) BoXn = (Mn e ml)UOUIf + (Mn o m2) novh 4 - + (Mn ° mn>770U,]§

k _ . n k=1
where v = 1 ; ijl m;vj



k+1 n
<Mn ° Tlo) BoXn =) (Mn ° Tlo) (Mn ° mz‘)ﬁovgC
i=1

n
= Z (Mn © 770> <T'”b17flz'1770,1%]5C + mzmz'zﬂo,wf +ot mnmmno,nvf)

i=1

n
= Zmz‘1770,1 (Mn o 7711)77011;c + o MminMon <Mn ° mn)ﬁovfc
i—1

n n
= Z Z (Mn o mj)ﬁomz‘jﬁo,jvf

i=1 j=1

n
= Z (Mn o mj>novf+1

J=1

Thus,

n

E(Dn) = Xn/BO + (Mn o Xn) (/80770) + Z (Mn S mi)nOU;')o
1=2
where v7® = > 22, vl

And

& milvlc')o - mig’l}?o
E(Dn) = Xnﬁo + (m1:l:n,1770,1 (ﬂo + E T) + mMoTn, 270,2 <ﬁ0 + g TQ) 4+ ..
=2 n, =2 n,

n 0o
TN US
- Ma@nnion (B + D "))
i—  Ynn
= nBO + (Mn o Xn)ﬁ

where 7; = 7 (,6’0 +> 0, M)

Tn,j

A.2 Proposition

Proposition (First Stage Equivalence — Local Leaders). Under assumption |1 and

0 [e%e]
(D) = XuBo + (Mo 0 Xn)i™™ + 3 ' MyXao + > My (M 0 Xa)ig” >,

i=1 i=1

where



00 oo

~ % ~%(7 ~ :*7 '7 ok '7k 7 ‘7

lepo = E 77](2) = WO,jglgf}(WOa')’O; BO:X’VM Mn)7 77] (Z OO) = E 77](2 ) = noa]hgb,;O) (7707707 BO?X”’ Mn)
i=1 k=1

for some function g3°, and j o) depend on By, 1o, Xn, and M,.
k.j k,j

Proof. First notice that
Dy = (M © Do )0 + My Duvo + Xufly + €n

)
— (Mn o Dn> (mo + 701) + X, 00 + €n

Thus

0o .
i
Dn = nBO + E (Mn o (7]0 + ’701)) XnﬁO + (In - Mn © (770 + ’701))_1671
=1

First notice, for any vector M = (M, Mo, -- M),

(M, on)M = Z niMim; = Mn

i=1

where 7; = ;M

2
(Mn o (mo + 701)) BoXn = Y080 (My, © 1) Mp X, + 0580 My (M, 0 1) X,

+ BO(Mn o 770)2Xn + %%Manﬁo
= (M, 0 X)) + v M2 X0 B0 + Yo oM (M, o X,)no

Proof by induction, assume

k
k . g
(Mn 0 (0 +901)) BoXe = (M 0 X, ®) + 4 MEX o + D Mi(My 0 X))
1=1

(k) (k) — noyjﬁg‘(ﬁov% 10, X, M)

where 75 = 00k, (110, 70, 80> Xn, My) and 17;



Then

(Mn o (no + ’yol)>k+160Xn = (Mn o (no + ’yol)>(M o X,)ii *(k)

+ (M o (o + 701)>7§M111€Xn/80
k ' o
+ <M (10 + 701) ) M (My 0 X))

(M 0 Xn)1] ())>770+’70M (M, o X,,)i**)

0 A ME X )10 + T MET X

e

+ (o

Z(M 0 M (My 0 X)) o -+ ML (M, 0 X, )i
=1

k+1
= (M, o X,,)i**+1) k+1Mk+1Xn,30+ZM (M 0 X)) kD)
=1
where
k
ﬁ;.((k’-i-l) = 770’]' (dlag(Xn>_l . ( ManﬁO + (M OX + ZMl M o X ) (1 k-)))
=1 j
ﬁ*(l,k—i—l) — ’YOMn(Mn o Xn)ﬁ*(k)’ ﬁ*(i+17k+1) — 77 #(i,k)
As a result,
E(Dy) = Xnflo + (M 0 X») *°°+Zv MiX nﬁo+ZMZ (M, 0 X))
i=1 i=1
where

)
~%*(17 ~ zx(1,k R
= ZT’J(Z) = nO,jg]Cg)f)J'(n()a’YOa 607Xna Mn)a Z G ) = To,j ](g] )(770)’707 BO»Xna Mn)

O



A.3 Proposition

Proposition (First Stage Equivalence with Cliques 4+ exogenous and correlated effects). Under

assumption [I] and [2] and assume M}, is row sum normalized
E((I = My)Dy) = (I = M) X0 B0 + (46 + 76" 80) Myy (I = My) X + (M, 0 X )i

+Z end e:vo end)M*(z—f—l)(I M*) TLBO"’ZM M OX) Z%2,(4,00)
1=1

where

2,00 42, (1,00) = (i

ﬁj 7 :7707j§5?k,j(7707707BﬂvXnaMn)a A = U07jh27}:7.})(no,70,,80,Xn,Mn)

for some function fjgokj and Bél’,;x;) depend on By, no, Xn, and M,.

Proof. From proposition replace D,, with (I —M*)D,, and X, with (,BO‘I+7§“’OM;> (I—M)Xp:
E((I = M})Dy) = (I — M) XnBo + 6" My (I — M) Xy, + (M;; 0 X,,)ij™>>

+Z(’Y§nd)lM;Z(I—M n/BO""Z end i SIOM;(iJrl)(I_M;)XnBO
=1

+ZM*1M OX) *2(100)
=1

= (T = M;)XnBo + (457 + 26" B0) M (I — M) X+ (M 0 X,)if >

+Z end exo_i_,)/end)M*(H-l)(I M*) n60+ZM M OX) 2,(4,00)
=1

A.4 Proposition

Proposition (First Stage Equivalence — Multiple Networks). Under assumption assumption
and assumption

B(D,) = Xufo + (M3 0 X ) ()

J=1

where ﬁi = nigj(no,ﬁg,Xn,Mn) for some function §7 depends on 176, 8o, Xn, and M.



First notice

r'ﬁg

(iM o) o X

Jj=1

ﬁ
Il
o

M8
MQ

+60<ngong>Xn+

7j=1 %

= mwij (M 0 X ) (Bor) +
2

Jj=1 J

M) oné) Bo X,

<.
Il
-

(MTJL © 77(]]> ﬂOXn

M= L
WE

S
Il
)

Apply proposition [1| to each of the ¢ summations ) 7, (M% o 776) BoX, we obtain
q . .
E(Dy) = Xafo+ > (M;l o Xn> (i)
j=1

where ﬁi = nigj(no,ﬂg, X, M,,) for some function ¢’ depends on 776, Bo, Xp, and M.

A.5 Theorem 1

402¢1 Amm logn

Lemma 1 (Finite Sample Bound for the First Stage). For A\; > 2
at least 1 — 1/n

, with probability

Wi (M, 0 X)) (17 — 70) |13 /n 4+ Ml — 7%l < 4X\Ts0/ 0

Proof. From proposition [I]

Dy, = (My, 0 X7 + XnBo + (I — My 0n°) e

Project out X,,, the first stage minimization problem [14]is equivalent to
min |[Wo Dy, — Wi (M o Xo)iill3/m + Ml
where W,, = I, — X,,(X! X,,)" ' X,,. From definition of 7:

WDy, — Wy (M, 0 Xn)ﬁ”%/n + )‘IHﬁHI < | WpDy — Wy (M, 0 Xn)ﬁOH%/n + )‘l”ﬁoHl

Thus

[ Wi (My, o Xn)(ﬁ - 770)”%/” + Al”ﬁ”l < 25/(171 — My 0 no)ilan(Mn o Xn)("% - ﬁo)/n + )‘1||770”1



and

|2€,(In — My o no)_I,Wn(Mn © Xn)(ﬁ - 770)| < ||25,(In — My o no)_IIWn(Mn © Xn)HOOH(ﬁ - ﬁo)Hl

From assumption [2, (I,, — M,, o n°) is invertible and |[n°| < 1. From eigenvalue decomposition,

(In— Mpon®)=LAL™"  and  0<Apin <A <1

Thus for any a
d' (I, — My on®) ™" (Iy — My on®) a < A2 dla

As a result, consider the event

Ty = {12¢ (I = My 0 1") ™Y Wa(My 0 X)) /] = |

From assumption [2] € is sub-gaussian

P(J;) < 2exp

n2t2
<_202(Mn 0 Xn)( Wi (In — My o)~V (I, — My, 0 %) LWy, (M, 0 Xn)u))

©)
nt?
<200 (i)

man

Apply union bounds

P(max J;) < 2 (1 i’ >
max  J; ex ogn — ——5—
i P8 202¢1 A2

Thus with probability at least 1 — 1/n,

) 4o2c1A2 1
max |26/(In — M, O,'70)—1 Wn(Mn o Xn)(])/n\ < \/ 07C1 i 10T
J n

402¢1A72 logn

min
n )

Choose A1 > 2

2 ~ 2 A 2 ~ ~
W (My 0 Xp) (17— 7 5/n + Ml < S ln — 7Pl + M7l

1
1

which implies
2| Wi (My 0 Xn) (17 — ) 13/m + Mllnsellt < 3Malliis, — 7% ll1

9



When W, (M, o X,,) satisfies assumption

I7iso |17 < s0ff (M © Xp) Wi (M 0 X5)ii/ (d5n)

Thus

2| Wi (M 0 X0) (17 — %) 15/n + Al — 701 < A\ l|9s, — 7%, 11
< AN /50| Wi (M, 0 X)) (17 — 7°) |2/ (Vo)
< |[Wi (M, 0 X)) (7 — 70) |13 /0 + 4Xis0/ 63

Thus
| Wy (M, o Xn)(ﬁ - 770)”%/n + Al”ﬁ - ﬁoHl < 4>‘%30/¢g

O

—2
Lemma 2 (Finite Sample Bound for the Second Stage). Choose A > 2 do%esl iy logn

n

+ 2c2h +
2c3 A1, with probability at least 1 —1/n — 2exp (—c4n)

. . . A
W (My 0 D) (5 = 110) 13/ + Al |1 < 5 11 = 1mollx + Allmol

Proof. From the data generating process:

D, = (Mn o Dn)no + XnBO +e€
= (M, 0m0)(I — My, 0m0) X80 + Xnfo + (I — My, 0mg) e
- (Mn o f)770 + Xn/BO + (I - Mn o 770)_16

where f = (I — M, on9)~'X,B0. Project out X,, the second stage minimization problem as in
equation is equivalent to

mnin WDy, — Wi (M, 0 f?n)n\lg/n + Allnll

From the definition of 7

WDy, — Wi (M, 0 ﬁn)ﬁ”%/n + Allill < [[WyDp — Wiy (My, 0 ﬁn)m”%/" + Mmoll1

which further implies,
IWa(My 0 D) (5 = mo)[13/n + Allill < 26 Wi (M 0 Dp) (5 = m0) /n+ Allmoll4

10



where € = (M, ono)(f — Dy) 4 (I, — M, on°)~'e. Consider the event

T = {yg'Wn(Mn o Du)j)/n| > t}

First we know that

|0 = DY (M om0 (M D)y | < || (M o m) (M 0 D)y | 1S = Dl

where
1 A ~ .
= || om0y (M 0 D)y |, < 1Pulloe < I lloe + 1Dn = Fllow < 5 + A
and
Hﬁn - f”oo < H(Mn © Xn)(ﬁ - 770) + Xn(B - BO))HOO
<M © X)) [loolfl = mol1 + [ Xnlloo]B = Bol1 < i
Thus

1 ~
ﬁ (f - Dn>/(Mn o nO)/(Mn o Dn)(g) S C2A1

The other component in &'W,, (M, o ﬁn)(j)/n is

126/ (I = My o n°) ™V (Mo o (Dy = £)) gy /| < 12€(In = My 0 1°) ™" (M) ¢y /0l D = fllos

From assumption [2] € is sub-gaussian. By concentration inequality, for a constant cg, there is a ¢4

P <|26,(In — My 0 no)_ll(Mn)(j)/n‘ > CS) < 2exp (_Cén)

and further by substitution,

’ t — A — l)\ 2
P(|2e’(1n—Mnon0)‘1 (My o f)(3/nl Zt—62>\1—c3)\1) < 2exp (—”( ahi - M) )

20’263[\_2

min

Apply the union bound and with probability at least 1 — 1/n — 2exp (—c4n),

. 402c3A 2 1
max |2¢'(M,, 0 Dy,) ;) /n| < \/ 7 min 08T CoA1 + €31
j n

—2
Choose A > 2 40263/\+mlogn + 2ca\1 + 2c3 A1, with probability at least 1 —1/n — 2exp (—c5n)
N . N A .
Wi (My, 0 D) (7 = mo)[13/n + AlAll < §H77 —oll1 + Aol

11



Proof of Theorem [I]

Proof. In the second stage , D,, is used to replace D,

(8,7) = arg min (|| D = Xn 8 = (My o Du)nll3/n+ Xnlly)

)

take the derivative for the second equation:

— (M, 0 Dp)(Dy — X3 — (My 0 D)) /n+ M =0 (A1)

— X! (Dy — X3 — (M, 0 D)) /n =0 (A2)

where /& = sign(7)/2. Substitute D,, = X,, 50+ (M, 0 Dy)no + €,. Equation can be transformed

as:

%(Mn o ﬁn)/Xn(B - /BO) + l(]\4n o -[)n)/((Mn o -Dn)ﬁ - (Mn o Dn)”?O)

Similarly, equation [A2] can be written as:

1 - 1 L X'e
EX;zXn(ﬁ — o) + ;X;L((Mn o D)) — (M, 0 Dn)770> = —=

substituting (A2) into (A1), and let W, = (I — Xn(X,an)*Xg),

and further:

12



Substitute back (Al]) to replace Ai:

1 b 1 > M, -Dn "W,
g(Mn ° Dn)/W”(M" o Dy) (1) — no) + E(Mn © Dn),Wn(Dn - (Mn © Dn)ﬁ) = ( : n ! :

R1

Further multiply both sides with X,, = (M, o D,,) Wy (M, o D,,)

A~

X' X o <, (M, oD,)W,
v — ) + g = 2 Dol e

Let )Enyj as the jth column of X, . Define 6 generated from the nodewise regression on X, as in

Meinshausen and Biihlmann| (2006):
¥j = argmin 1 g — X113/ + 22517111

75 = |1 X — Xo—7113/n + 225119111

And write
I %2 0 e
O —’?’2,1 1 - —?‘2,n
~Apl —Ama - 1
and
T2 = diag(7-127 T227 T 77-1%)

Then define © = 7-2C. © is an approximation to the inverse of .?\N,’,’l./\?n /n.

As a result,

1. -~ .
(ﬁ B 770) + @Xflbf%l = EC—)XT/L(MH © Dn)/Wn6 - A/\/ﬁ

where

A= /n(OX) X, /n— I) () — o)

van de Geer et al.| (2014) show that [|Al|o = 0,(1) when X for the nodewise regression is chosen at

rate y/logn/n

13



Thus define

we have

where Q,, = (M, o ﬁn)’Wn(Mn o ﬁn) Similarly

which implies

(X, X0)(B = fio) + X, ((My 0 Dy)

>

(M,, o Dn)m) — X'

(X7 Xn) (B = Bo) + X3,(My, 0 D) () —10) + X;(<Mn o (D — Dn>>ﬁ) = Xy

Consider the nodewise regression on X,, and (M, o D,,), define

Thus

where

And define

We have

V(b — Bo) =

Vs = argmin || Xy, — (M, o Dy)y)3/n +2X7]1x

(X — (Mp o Dn)’?ﬁY((Mn ° (ﬁn - Dn))ﬁ)

(B—Bo) = Ag/v/n +

(Xp — (Mp o DN)ﬁ’ﬂ),Xn

(Xn — (Mn o Dn):}/ﬁ)/e

+

(Xn - (Mn

° Dn)'AYB),Xn

(X — (M, 0 Dn)@ﬁ)/(Mn o Dp)(1) — 10)

As=n

(Xn — (My 0 Dn)'AYﬁ)/Xn

(Xn — (My 0 Dn)ip)'e

(Xn — (My 0 Dn)'AYB)/Xn

+Ag~N 0,02

14

(X — (M 0 Dn)'AV/B),(Xn — (M, 0 Dn)'AYB)

((Xn — (My 0 Dn)'A}’ﬁ)/Xn)Q



A.6 Theorem 2

Lemma 3. Define
. Y11 Z31,2)

and
1

Under irrepresentable condition, with probability at least 1 — ag

max ||S21 87 ulle < 9
lulloe <1 ’

Proof. Under irrepresentable condition,
diag(fse) - E%Eiwl_l wliag(fg)f1 . uH <9
’ 0o

max ‘
(e

It suffices to show that with high probability
<

max
llulloo<1

Hdiag((f)n)gc) : E%Z%‘l -diag((f)n)g)_l : uHOO

Notice that
diag((f)n)gc) : E%E{Wfl -diag((f)n)s)_1 ~u — diag(fse) - E%E%‘l ~diag(fs)™'-u

= (diag((ﬁn)sc) - dz'ag(fgc)) - Z%Zfﬁfl -diag((Dn)S) Liw

(L1.1)

+ diag(fse) - SN - (diag((Da)s) ™ = diag(fs) ™) -u

(L1.2)

Since f = (I, — M, 0n9) ' X,, 3, by assumption [2, min(f) and max(f) are uniformly bounded away

from 0 and infinity.

A

(Dn)se — [fse X
< KO0l ) st s

15



H(ﬁn)SC — fse
= 0 S CG)\l

. M M- ; -
(£1.2)| < ||diag(fse) - SHA I - diag(fs) ™ -uf - min((Dy)se)

Thus there exist a3 such that with probability at least 1 — a3

max |[39 137 M <9
”u”mSlH 2,157 1Uoo

Proof of Theorem [2}

The first order condition for second stage in equation is
—(My, 0 D) (Dy — X8 — (My, 0 D)) /n4+ X =0 (A)
—X,,(Dy, — Xnﬁ — (M0 f)n)ﬁ)/n =0 (B)

where & = sign(n)/2. Substitute D,, = X,,80+ (M, 0 D,,)no + €,,. Equation (A) can be transformed

as:
1 Ay A 1 Ay A
— n O LUUn n\P — L0 — n O LUUn n © Un)T] — n © Un)To
~ (M, 0 Do) Xu(B = o) + —(My © Do (Mo Da)id = (M 0 Dy
4 k= Mo Di)e
n

substituting (B) into (A), and define W, = (1 - Xn(X;Xn)—X;),

/
l(Mn o f)n)/Wn<(Mn o D)) — (M, o Dn)770> AR = (M, 0 D) Whpe
" n
which implies
1 N N 1 . . M, D W,

5 1
n| . - . L ~ + ) = .
2271 2272 ?’]07Sc (n)\li)sc ((Mn o) Dn),Wné)Sc

77,217183 + niLQSSC — nil,lﬁO,S + (n)\f%)g = ((Mn o Dn)/WnG)S

16



and

n3l105 + ¥ adse — nSa 1105 + (nAR)se = (My, 0 D) Wie)se

Multiplying first equation with 8g~c2271 if% and second equation with Sgc
3%6227155 + 5/552271217&2172856 — 5&%227121%217177075 + 3{9522,1217’%(AI%)S (Ag)
= 05e 32157 1 (My 0 D) Whe)s/n

and

3{5’(’227185 + 5%022’255’6 - 8{5%2271/?]075 + 3{5’(’(}\1‘%)56 - ngc(<Mn o .Dn)/an)SC/n (A4)

Notice that
. PR
B (AR)se = S ldselln

Choose A such that with high probability for some 5 > 1 and J = %f—g, where ¢ is given in the

irrepresentable condition in assumption [4]

. A
P MODTL/W€ <n~):1—a
@<n Wil < 525 1

As a result
05e Y2157 1 (M) — 0l5e X137 1 (My 0 D) Wae) s/

AL 2(M, oﬁ)’We IN A o o .
1&5 (2"3— = n)\n = SS 1+5 5’\22,121&“||oo”580”1

1\ A
< - = - c
< (1-3) 31dseln

where the last inequality is by irrepresentable condition and

— S8

S ; - A 205
e (&) 5w — 852 ((Myy © D) Wi)se/m = <Myh— sel (Mo F

A M, 0 Dy,)' Whe)ge
2
1\ A s
> 1 - = - 5 c
> (1-3) 318l

Also notice that

N N ~ N A A N -1 N
21571801 = (My © Da)se W (M © Da)s (M © Da)sWa(My © D)s ) (My © Dy)sWa(Mi o (Dy —

= (My 0 Da)'se W (M) (M) sWa(Ma)s) ™ (Mn)sWa(Mp)s - diag((Dy = Dy)s)
— (M, 0 D)5 Wi (My 0 (Dy — Dy))s = a1

17
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Subtract equation (A3)) from equation (A4]):
S/Sc (2272 — 22,121%21,2> 850 <0
which implies [|dgc||; = 0.

Next, recall the equation below:

1 R R
E(Mn o Dn)/Wn(Mn o Dn)(ﬁ - 770) =+

which then implies

We can further separate the equation by S and S¢ and substitute in ||dge|[; =0

1 A A R 1 R .

E(Mn © Dn)fan(Mn © Dn)S (775 - "70,5) + E(Mn o Dn)iS’Wn(Mn o 770)5 (Dn - f)S
\ [2(M, o f)n)’Wn((In — M, o 770)*16)
2 nA

— 2k
S

Recall with probability at least 1 — aq

2(M, o f)n)’Wn((In ~ My o no)*le) < n\/d

Thus
A 1 A .
s = sl < (145 ) max IS5 ol +masx S 0 D)y Wa (M om)sle | (B = 1) ], < esd

0

A.7 Theorem 3

Lemma 4 (Finite Sample Bound for the First Stage — group sparse LASSO). For Ai1 + A2 >
2\/40'2d1Am%n(logn+logq)

, with probability at least 1 — 1/qn

q
W Zgs (1 = ) [5/m 4 Al = 0l 4+ A2 D7 — Ml < 8 (AT 1 + A7) s0/¢7
j=1

18



Proof. In the presence of multiple networks, we use sparse group lasso:

2

q q
min ZMﬂoX = X8|+ | 2 (aalllle + Ml )

2 =t

I

Let Z% = [(M} 0 X,,), (M2 0 X,,), - (M7l 0 X,,)] and ! = (7', 7%, -+ ,77). Project out X,,, the

minimization problem is equivalent to

q
min W Dy = WaZiil3/m + 3~ (Avallle + A1)
j=1

From definition of 7:

q
) <Dy = WaZzig I /n+ - (Aallllz + Malli )

q
IWaDy = WaZgil/n+ 3 (
j=1 j=1

And recall the data generating process from proposition

q
IWaZi G =) 3/m+ 3 (MalliPllo + Al )
7j=1
—1/

S (o) | wzG— ity Y

j=1 j=1

Similar as the proof in lemma E|, by assumption [assumption 2%, since (In — ;1-:1 (Mfl o 776)) is

invertible,

q
T = w— > Mo YWaZZ /| > t
j=1

since € is sub-gaussian

7 n’t?
(i) < 2exp | - 2y q 0,5 o 10,5)—1/ q J o m0,5)—1
2022 1y W (In = 325y My 0 009) 7 (In = 25 Mib o) TWa 27

<9 ( nt? >
ex P E—
o P 20’2 d1 Amzn

Apply union bounds

~ nt?
P <2 1 -
(max Jy) < 2exp ( 0gNg — o Amm>
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Thus with probability at least 1 — 1/¢n,

q
max 12¢' (I, — Z M2 o i
=1

2d,A 72
) WL ZE 4/l < \/ do dlAmm(:gn +logq)

Choose A1 > 2\/402011/\;5“(10{; ntiogd)

n )

q
IWaZz G = )3/m + > (A2l lla + M1 )
j=1
Mi = 2 i g A A
: 2i = ~j ~j
=5 2l 77||1+Zl(/\1,2||77 o+ Awal )
J= Jj=

Define

SG:={1<j<q:|nl#0}
From proposition 4 7/ has the same sparsity pattern as 1/,
q . A . A . . A .
P2 = 1712) < D I =illa = Y il
=1

j jESG jESGe
thus

2| Wi Zip (17 — )15 /m + A allsisgll + 2302 D> 17 ll2 < 3Aiallis, — 8l + 22 Y 17 — il
jeSGe jeSG

When W, Z¥ satisfies the compatibility assumption:

S #IB < Niisoll? < o 25 W Z2i/ (63n)
jesa

Thus

q
2| WaZz (i — )3 /n + Al — il + 2202 Y 7 = 7 2 < Ahaallis, — il + 4h2 > 17 — 2
=1 jesa

< Ay 150 Wi ZE (0 — 7)o/ (Vngr) + 401 ay/50 Wi ZE (7 — 7°) |2/ (Vngr)
< WaZi (i — )15/n + 8 (AT 1 + Al s) so/¢7
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Thus

q
A=l + A2 Y7 =2 <8 (A1 +A%y) s0/é7

IWnZ2(5 — 7°)[13/n + Ma

j=1
O
Proof of Theorem [3]
For the second stage
2
1 g . _ .
min § o || Dn — > (MjoDu) = XuB| + > (/\2,1|W||1 + >\2,2H77]H2>
=1 , =l
The KKT condition with respect to the jth group can be written as:
. A q . ~ . A . .
— (MjoDy) | Dn—> (Mo Dp)i) — X3 | +ndoa? 4+ ndgar’ =0 (A5)

=1

For any 77{ # 0 in group 7, ‘
A
S , 7

! = sign(]), and v = m

)y v = (v1,ve, 1) Let Z, = |(M}oD,),(M?oD,), - (MioD,)|,

Let 7 = (11,72, -
é\/‘, e (,’71/ ,’72/’,. . ,nq’)/. Plug lIl Dn e nn(])‘4 +

Zy = [(M% o Dp), (Mg 0 Dy), - (MTqL 0 Dn)]» and 7
XnBo + €. Equation (Ab) is:

- Z;(Dn - Xn/é - ZAnﬁM)/n +MT+ v =0

ntr

Z/E ZA/Xn A 1. > A
oo B = Bo) + —Zu(Zuif™ = Zumg') + M7 + dav =0 (A6)

n n

Zhe Z!X, - 1o o 1, 5 .
1 PG o) 20 Za (M ") + 20 (2 = Za)M AT+ gy = 0

The derivative with respect to ( is

— X' (Dy — X3 — Zyi™)/n =0

1 - 1 oo 1 . X/ e
=X Xn (B = Bo) + = X0, 20 — ") + X, (Zn — Zo ! = =2 (A7)
) = (XXX

(B = o) + (X1 Xa) X260 = ") + (X0, X)X (Z = Za )i
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Substitute (A7) into equation (A6)):

1 4 1 ~ A n
L oW 2™ — )+ L2 W (2 — 2™ AT+ g = 20V (A8)
n n

" n

Further substitute (A5]) into equation (A8]) to replace \i7 + Ao,

14 ) 1. . X 1. . 7' We
ZZQWTLZTL(”M - 77(])\/[) + ﬁZ;ng(Zn - Zn)nM + 5Z,/1Wn(Dn - ZnnM) ==

n

1. ) 1. X 7! We (A9)
@EZ;LWnZn(UM - 77(])\/[) + EZq/q,Wn(Dn — Zn M) =2

k2

Define © z through nodewise regression on 511 = %ZA;LWnZn similarly as in theorem

(™ —n0") + Oz 2k = 072, 2, Wne — Ay /v

where

Ay = vVn(0©72, 2, /n—I)(H — o)

This suggest the following estimator:

M =M 4 6,2 2! Wy (Dy — Zwi™) /0 — o
(

Xn - n’?ﬂ)/(ZAn - Zn'f]M)

=
(Xn - n’?ﬁ),X’n

and with Q™ = Z' W, Z,
V(M —pithy = %@Zz,ge — Ay~ N(0,6%0,2/ Q™ 2,0/,)
(X0 — ZnAp)e
(Xn - n'AV,B)/Xn

(Xn - Znﬁ/ﬁ)/(Xn - nﬁ/ﬁ)

n(bM — =
Vb — o) (X~ 2oy )

—|—ABNN 0,0’2
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A.8 Theorem 4

Proof of Theorem [4}

From equation (AS8))

1. ) 14 N ) Z! Wye

ﬁZ?/"anZn(nM - 77(])\/[) + ﬁZ;ng(Zn - Zn)"7M + X217 + Ao = nn .
which implies

1. L 1 4 . 7' W, e

HZ;an n(nM - 77(])\/[) + EZ;LWTL(Z” - Zn)nM + AT 4+ Agov = nn .

Define ¥4 = L2/ W, 7, and ™ = LZ!'W,.(Z,, — Z,). Denote § = ((8%)', (6°°)')" as a partition

by the non-zero groups. We have the following partition of matrix
n st Sy os . s By ms \ [ (Mhaam+ndoor)s ) (2, Wne)s
spul il dge Spul - Sl T0.5° (X217 + Ao ov)ge (ZWe)se

That is
muzés + nzmulégc nif%lno,s + (n/\2717' + n)\gjgu)s = (Z;LWnG)S

and

WUZ(SS + TLZ ml§ge — n3y %1770,5 + (Ao + naav)se = (Z1Whe)se

Multiplying first equation with &, cf)g:‘fl(i]{’f{‘l)*l and second equation with Sgc

mulés + 5sczmul21 %Emulésc _ (SSchUZEl %Emulnos + 55%23?121 1()\2 T+ )\2 QV)S

(A10)
= Slge Sk (S =Y (21 Wiae) s/

and

05D 5g + 85 25 0 g0 — 8e 254 0,5 + 05 (Aa1T + Ao2v)se = O (2 Wae)se/n (A11)

- by - 197nul
Let ¢ = ﬁ Choose Ag;1 and g2 such that ¢ > =L and define
s Y1

qmul __ 1+ ngul @mul _ 1+ 61972nul
—a+hopt R T o)

23



;where 97" and 95" is given in the irrepresentable condition as in From Lemma

[ with high probability for some 4 > 1

. A
P2 Whelloo < —22L ) =1
GV )

Define f]g?fl = %Z;LWn(Zn)S and the set sgf = {l : 7 =0 and k € SG}. For k € SG and [ € sy,

N (5)?

1 7é 0= 5[ Tl ‘5l ‘ and (5[ l/l = HﬁkHQ

~k Sk__k Sk Sk k (3k)2
?7l:0:>5l7'l:O:‘(sl‘,and(slylzo—m

and for k € SG° and all [,

Sk)Q (5k)2
N l l
#0:>5 F =|6F|, and 6Fvf = - = —
l [ | l’ g’ anHQ H(SkH2

—

(5F)?
Al —0:>6l7'l —0—|5l| and5lul :O—T
[16%][2
Thus,
e SE (ST T A1 T + Agav) s — 06 D5 (ST TH(Z] We) s /n
Z
Z Z 51 <Emul Emul) 1)\2’1 <T—|—V )‘\/V 6> )
kESG lEsgS nA2,1
Z’ Whe
+ 5k mul Emul 71>\ or+uv—
kezs:G ( b e nday

k o
<21 max max C(Zm“l m“l u1> Z Z|5{“|

keSG&les
Jur o< 1+%+5éuz> » kESG lEsg
1
l l k Sk
+ A2 max max (zmu (Sydy~1 2) S 1181
E c
[[uzloo< 1+c+ﬁml> 2 keSGe
OF [+ | 1+¢ A 167
A21 l C 2,2 2
keSG lesgy, keSGe
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and further

A R . R 8k,’/ Z/ W€ k
Jse (a1 + Aaov)se — 06e(ZyWae)se/n > Dog D Y (55‘ _ M)

nA
kESG IEsgs 2,1

O [
Foaz Y0 (184 + el — 18 | D
keSGe 22|

~ 1 -
Z ( ﬁmul>A21 Z Z ’51‘+)\22 Z <1+C<1_§mul>> Hék‘b
2

keSG lesgy, keSGe

Subtract equation (A10)) from equation (A11)) and similar as in Theoremlthat Zm“l(Zm“l )~ 12’17?{” =
Sy

55'6 (Emul Emul(zmul) mul) 530 < 0

which implies ||§ge||1 = 0.
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B Assumptions with Multiple Networks

Assumption 1* (Sparse Group Sparsity). Among n individuals in g, networks, let S? be the set
of influential individuals in network j. Let s, = |S¥L| be the number of elements in S
(s

j =
s logn

n

), as n — 0o

dn

~ n

Sg = 1(s? £0)=o asmn — 0o
j=1

Notice same individual from different networks are counted as different elements in S,,

Assumption 2* (Sparse Group SAR restrictions).

- There exists an Nmax < 1 such that 23':1 ||77g||Oo < Nmaz

- The €; are i.i.d sub-Gaussian random variable with 0 mean and variance o2

- The regressors x; in X,, are uniformly bounded constants for all n. lim,_, X, X, /n ezxists

and is nonsingular

The minimum eigenvalue of (In — ( ?:1 M o né)), Nnin, 18 uniformly bounded away from
0.

By inverting the simultaneous equation:

s
I
<)
.
I
—

X, (M}L o Xn>, (M,% o Xn) R (Mg o Xn> are valid instruments.
Apply the same algebra

q
E(Dy) = XuBo+ > (M,{ o Xn>ﬁj
j=1
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Assumption 3* (Sparse Group Independence). {Wn (Mé o Xn) o W, (Mg o Xn) A W, (M;{ o Xn) S}
is full rank with probability equals to 1.

We can use Group Lasso to identify those influential individuals and the networks that deliver the

influence. For Group Lasso to achieve consistent selection, we need the following assumption:

Assumption 4%,
(Sparse Group Irrepresentable Condition) There is a 97" € (0,1) and 95 € (0,1) such that

1 k
di maul EM,mul EM,mul —1d. <[ mul . maul }) < ,19mul
|\uI1Iﬁ§oX<1 kesrélglxesg,’;( Zag(f ) 0,1 ( 1,1 ) tag (f )517 7(f )Sq u1 L 1

and

max max < 19énul
wl|ul|oo <1 kESGE

2

B k
diag(f™) <z§ﬁm“’ (=15 diag ([(f’”“l)sl, e (fm“l)sq]) 1 u2>

(Beta Min Condition) There exists N € N: Vn > N, there is a m > 0 such that

min |(10)s| > m/vn

where
1 EM,mul ZMJrLul
mul .__ 1 8 2 q1 1 42 a 1,1 1,2
S i (M MG MAYWal My, MR M = 3t
2.1 2,2

with the matrix partitioned by the set S (indexed by 1) and S¢ (indexed by 2). And define
- 1
26rfiqld = g[Miv M72u T ?Mg]/Wn([Mrlw Mg? T anq])S

and
-1

q
j=1
Assumption 4-1* (Sparse Group Compatibility Condition). For some ¢g > 0 (independent of n)

and for all n satisfying ||nsc||1 < 3|nsll1, it holds that
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C Centralility

Denote a graph as G = (V, E), where V represents the set for vertex and F represents the set for
edges. Define a measure d : (x,y) — R as the length of the shortest path between the node x and

y. And define M as the adjacency matrix for graph G. I consider the following centrality measures:

e Degree centrality
The degree centrality Cp(x) of a vertex V is defined as the number of edges connected to

node v.

e Closeness centrality
The Closeness centrality is the average length of the shortest path between the node and all

other nodes in the graph.
1

Cel) =5~ i)

e Betweenness centrality
Betweenness centrality measures the number of times a node acts as a bridge along the

shortest path between two other nodes.

Cplv)= Y 2e(0)

g
rFvEYyeV Y

where o0, is total number of shortest paths from node x to node y. 0, 4(v) is the number of

those paths that pass through v.

e Eigenvector centrality
Eigenvector centrality is defined as the left-hand eigenvector of the adjacency matrix M

associated with the largest eigenvalue A:
Ar =xzM

And the vth entry of z is the eigenvector centrality of v.
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D Simulation and Empirical Results

I use the Erdos-Renyi algorithm and Watts-Strogatz mechanism to simulate a network of size n. 1
set the first 5 (or 10) individuals to be influential by letting their coefficients 7; be non-zero. To
guarantee the existence of endogenous effects, I arbitrarily specify the connections among these five

(or ten) individuals.

I use the following adjacency matrix for influential individuals when there are five of them:

S = O O O
= = O O O
o = O O O
SO O = ==
o O O = O

I use the following adjacency matrix for influential individuals when there are ten of them:

o O O = O O O O = O
SO BH O B O O O O = O
o O O O = O O o o o

_ o O O O O = o O o
O O O O = = = O O O
O O O O O O = O O O
O O O O O O O = =
o O O O = B O O O ©
O O O O O O o o o o
O O O O O O o o O =
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Table Al: Simulation: Erdos-Renyi + 5 influential individuals

0.1 0.2
Network Size 50 200 500 50 200 500
Avgcov Sy 0.9780 0.9560 0.9380 0.9770  0.9480 0.9580

Avglength Sy 2.9420 3.6734 2.6136 1.0179  3.3098 2.0386

Avgcov S§ 0.9222  0.9861 0.9846 0.9920 0.9861 0.9884
Avglength S§ 18.9664 8.1006 2.5444 21.4923 3.1052 1.9782

Avgcov 3 0.8700  0.9700 0.9650 0.9500  0.9650 0.9800
Avglength g 4.0056  0.4890 0.2959 0.9773  0.7905 0.5209
Power ! 0.2140  0.1800 0.4650 0.5870  0.2520 0.1770
FDR 2 0.0147  0.0001 0.0000 0.0017  0.0000 0.0030
Avgcov 1 0.9900  0.9000 0.9900 0.9500  0.9000 0.9850
Avglength 1 3.0138 5.6446 0.8600 0.7202  4.8020 1.9351
Avgcov 2 0.9700  0.9700 0.8600 0.9850  0.9650 0.9550
Avglength 2 5.0537 2.6632 1.5617 1.5222  2.7718 2.5142
Avgcov 3 0.9800  0.9400 0.9150 0.9900  0.9250 0.9900
Avglength 3 24503 4.8645 4.3329 0.7604 4.2660 1.5686
Avgcov 4 0.9600  0.9800 0.9650 0.9950  0.9500 0.9950
Avglength 4 1.8805 3.6298 4.1772 0.8212  3.6354 1.6983
Avgcov 5 0.9900  0.9900 0.9600 0.9650  1.0000 0.8650
Avglength 5 2.3115  1.5647 2.0417 1.2652 1.0741 2.4768

Table E summarizes the results simulated on Erdos-Renyi type random graphs. When a node is added into the graph, it has
probability p = 0.1 or p = 0.2 to form a link with all existing nodes. The reported coverage is from 200 simulations from 50, 200
and 500 nodes graphs. The active set Sy contains 5 nodes and coverage for each is reported as Avgcov 1-5. Nonactive set S§
contains all remaining nodes. 1. Power represents the averaged percentage in the active set being significant after controlling
False discover rate at 5% using Benjamini-Hochberg method. 2. FDR reports the averaged percentage in the non-active set

being significant after controlling False discover rate at 5% using Benjamini-Hochberg method.
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Table A2: Simulation: Erdos-Renyi + 10 influential individuals

0.1 0.2
Network Size 50 200 500 3 50 200 500 3
Avgeov Sy 0.9730  0.9870  0.8805 0.6905 0.9870  0.8330

Avglength Sy 11.8263 1.5870  4.5802 0.8400  3.6207 2.1104

Avgcov S§ 0.9942  0.9905 0.9638 0.9827 0.9972  0.9733
Avglength S§ 23.2425 2.5128  4.0562 9.3871  2.9423  5.5000

Avgcov 3 0.9800  0.9700  0.9300 0.9500  0.9950  0.9950
Avglength 3 2.6520  0.5203  0.9008 1.2524  0.5261 0.7915
Power ! 0.0475 0.1680 0.5725 0.8175 0.1620 0.4710
FDR 2 0.0000  0.0001  0.0000 0.0102  0.0000  0.0004
Avgeov 1 0.9250  1.0000  0.9200 0.8150  0.9950  0.8800
Avglength 1 6.8760 0.9064 1.6038 0.5357 0.8415 2.0727
Avgcov 2 0.9600  1.0000  0.9350 0.8350  1.0000  0.8550
Avglength 2 5.4525 1.0753 17.1486 0.3364 0.8152 1.2254
Avgcov 3 0.9950  0.9900  0.9300 0.9750  0.9650  0.6600
Avglength 3 12.2042 2.8843  2.5877 2.0093 1.8027  1.4287
Avgcov 4 0.9600  0.9600  0.9450 0.4150  0.9750  0.8300
Avglength 4 17.9822 1.8353 1.5234 0.3987  2.1970 1.7792
Avgcov 5 0.9900  1.0000  0.8600 1.0000  1.0000 0.8150
Avglength 5 3.0831 1.0112 1.1228 0.4478 1.0124 0.7712
Avgcov 6 0.9750  0.9900  0.8850 0.5250  1.0000  0.9100

Avglength 6 39.1903  2.1300 14.2821 0.3061 20.5070 3.9918

Avgcov 7 0.9750  0.9600  0.8500 0.2800  0.9600  0.8250
Avglength 7 19.0146 2.5613  3.2858 0.8466  5.3259  5.0870

Avgcov 8 0.9650  1.0000  0.9100 0.7800  0.9850  0.7950
Avglength 8 3.2928  1.2513  1.2913 0.3709  1.4046  1.3949
Avgcov 9 0.9900  0.9700  0.9250 0.9250  0.9950  0.9500
Avglength 9 3.8329 1.1019 1.4152 2.9014 1.4500 1.2169
Avgcov 10 0.9950  1.0000  0.6450 0.3550  0.9950 0.8100

Avglength 10 7.3340 1.1136 1.5418 0.2474  0.8831 2.1366

Table summarizes the results simulated on Erdos-Renyi type random graphs. When a node is added into the graph, it has
probability p = 0.1 or p = 0.2 to form a link with all existing nodes. The reported coverage is from 200 simulations from 50, 200
and 500 nodes graphs. The active set Sp contains 10 nodes and coverage for each is reported as Avgcov 1-10. Nonactive set S§
contains all remaining nodes. 1. Power represents the averaged percentage in the active set being significant after controlling
False discover rate at 5% using Benjamini-Hochberg method. 2. FDR reports the averaged percentage in the non-active set
being significant after controlling False discover rate at 5% using Benjamini-Hochberg method. 3. For 500 cases, lasso tuning

parameter is chosen using rule of thumb instead of cross-validation.
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Table A3: Simulation: Watts-Strogatz + 5 influential individuals

0.04 0.08
Network Size 50 200 500 50 200 500
Avgcov Sy 0.9180 0.8490 0.9920 0.9410  0.8310 0.9860

Avglength Sy 5.7298 1.6333 1.6646 5.2069  3.8309 0.9132

Avgcov S§ 0.9543 0.9646 0.9809 0.9577  0.9581 0.9949
Avglength S§ 7.8860 5.2748 4.3686 3.4985  2.9435 3.4044

Avgcov 3 0.9900 0.9350 0.9933 0.9350  0.9650 0.9950
Avglength g 0.8524 0.4044 0.9067 0.7532  0.5382 1.4130
Power ! 0.0340  0.4350 0.1013 0.1640 0.1020 0.5470
FDR 2 0.0026  0.0000 0.0056 0.0039  0.0000 0.0000
Avgcov 1 0.8450  0.7650 1.0000 0.9700  0.7950 1.0000
Avglength 1 22,9085 1.1822 2.7360 12.8441 1.1567 0.5102
Avgcov 2 0.9550  0.7200 0.9933 0.9400 0.8400 1.0000
Avglength 2 1.6373 5.2736 2.2481 10.5694 8.0125 0.5399
Avgcov 3 0.9150  0.8900 0.9933 0.8850  0.8100 1.0000
Avglength 3 1.3111  0.6948 2.0804 0.7724 0.8774 0.5530
Avgcov 4 0.9500  0.8900 0.9933 0.9550  0.8600 1.0000
Avglength 4 1.1413  0.3973 0.6932 1.0133 1.9001 0.5196
Avgcov 5 0.9250  0.9800 0.9800 0.9550  0.8500 0.9300
Avglength 5 1.6509 0.6189 0.5653 0.8354 7.2078 2.4434

Table @ summarizes the results simulated on small-world type random graphs. Given the number of node N = 50, 200, 500,
the mean degree for each node is 0.04N and 0.08 N. The rewriting probability is fixed at 0.4. The reported coverage is for
200 simulations from 50, 200 and 500 nodes graphs. The active set Sp contains 5 nodes and coverage for each is reported as
Avgcov 1-5. Nonactive set S§ contains all remaining nodes. 1. Power represents the averaged percentage in the active set
being significant after controlling False discover rate at 5% using Benjamini-Hochberg method. 2. FDR reports the averaged

percentage in the non-active set being significant after controlling False discover rate at 5% using Benjamini-Hochberg method.
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Table A4: Simulation: Multiple Networks

0.1 0.2
Network Size 50 200 500° 50 200 500°
Avgcov Sy 0.9860  0.9940 0.9990 0.8950 0.9910 1.0000

Avglength Sy 10.2325 0.6168 1.4046 6.1020 0.7531 1.1056

Avgcov S§ 0.9923 0.9884 0.9868 0.9893  0.9909 0.9945
Avglength S§ 9.2108  2.2820 4.0344 5.9378 1.7050 1.9574

Avgcov 8 0.9900 0.9650 1.0000 0.9750  0.9650 0.9900
Avglength g 8.2338  0.5556 1.1923 6.4205 0.6026 1.0265
Power ! 0.3480 0.6810 0.2300 0.5480 0.5620 0.1340
FDR 2 0.0037  0.0003 0.0001 0.0076  0.0026 0.0019
Network 1:

probability® 0.8050 0.8950 0.3700 0.7400  0.8500 0.2300

# identifed * 2.3540  3.8547 3.2973 4.0743  3.3314 29778

Network 2

probability 2 0.0450 0.0550 0.0300 0.1300  0.0350 0.0100
# identifed * 4.3333  1.0000 2.1667 3.4615 1.0000 1.0000
Avgcov 1 0.9750  0.9950 1.0000 0.8850 0.9950 1.0000
Avglength 1 17.4022 0.7528 0.9309 17.1760 0.9289 1.1231
Avgcov 2 0.9950  1.0000 1.0000 0.9450  0.9950 1.0000
Avglength 2 6.7053  0.4484 1.6877 1.7011  0.5777 1.3113
Avgcov 3 0.9900 0.9800 1.0000 0.9750  0.9850 1.0000
Avglength 3 15.5009 0.7919 1.3359 7.9879 1.0755 0.9475
Avgcov 4 0.9800 0.9950 1.0000 0.8250  0.9850 1.0000
Avglength 4 9.6077 0.5766 1.3279 2.7826  0.7049 0.9092
Avgcov 5 0.9900 1.0000 0.9950 0.8450  0.9950 1.0000
Avglength 5 1.9465 0.4742 1.7408 0.8622 0.4783 1.2387

Tablesummarizes the results simulated on two Erdos-Renyi type random graphs. One of the network (Network 1) passes the
endogenous effects while the other one (Network 2) is irrelevant to the decision. The reported coverage is for 200 simulations
from 50, 200 and 500 nodes graphs. The active set Sp contains 5 nodes and coverage for each is reported as Avgcov 1-5.
Nonactive set S§ contains all remaining nodes. 1. Power represents the averaged percentage in the active set being significant
after controlling False discover rate at 5% using Benjamini-Hochberg method. 2. FDR reports the averaged percentage in the
non-active set being significant after controlling False discover rate at 5% using Benjamini-Hochberg method. 3. Probability
reports the empirical probability that at least one regressor in the group is significant after controlling False discover rate
at 5% using Benjamini-Hochberg method. 4. # identified reports the averaged number of significant regressors in the group
conditioning on at least one regressor in the group is significant. False discover rate is controlled at 5% using Benjamini-Hochberg

method. 5. For 500 cases, lasso tuning parameter is chosen using rule of thumb instead of cross-validation.
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Table A5: Simulation: Network with Cliques

0.1 0.2
Network Size 50 200 5007 50 200 500°
Avgcov Sy 0.9670  0.9580 0.9850 0.9610 0.9954  0.9980

Avglength Sy 20.3014 1.3383 1.9988 8.6764 2.0044 4.5572

Avgcov S§ 0.9665 0.9883 0.9975 0.9680 0.9926  0.9980
Avglength S§ 14.0695 3.4002 4.7511 40.5927 1.6113 4.7505

Avgcov 3 0.9800  0.9950  0.9900 0.9750  0.9943  0.9950
Avglength g 2.9138 0.8404 0.5866 1.5054 0.6253 0.6881
Avgcov 0.9600  0.9950  0.9950 0.9950  1.0000  1.0000
Avglength ~ 0.5683  0.1568 0.0257 0.4235 0.0544 0.0294
test-y # 0 0.4300 0.3750 1.0000 0.4950  1.0000  1.0000
Power ! 0.0110  0.1890 0.4680 0.0140 0.7726  0.2550
FDR ? 0.0000  0.0035 0.0000 0.0000  0.0009  0.0000
Avgceov 1 0.9650 0.8100 0.9950 0.9700  1.0000  1.0000
Avglength 1 53.2561 3.1993 1.5312 9.2207  0.2910  5.4525
Avgcov 2 0.9350  0.9950  0.9900 0.9150 0.9886  0.9950
Avglength 2 34.8486 0.6602 0.8785 19.9796 8.4948  0.4050
Avgcov 3 1.0000  0.9950 1.0000 0.9500  1.0000  0.9950
Avglength 3 5.2305 0.9718 4.2919 3.9235 0.3581  3.8538
Avgcov 4 0.9800  0.9950 0.9950 0.9800 0.9943  1.0000
Avglength 4 4.0808 1.0082 2.8069 2.9452  0.5204 2.2894
Avgcov 5 0.9550  0.9950 0.9450 0.9900  0.9943  1.0000
Avglength 5 4.0909 0.8519 0.4855 7.3132  0.3577 10.7855

Table summarizes the results for Heterogeneous Endogenous Effects Model with Cliques. The reported coverage is for
200 simulations from 50, 200 and 500 nodes graphs. The active set So contains 5 nodes and coverage for each is reported as
Avgcov 1-5. Nonactive set S§ contains all remaining nodes. 1. Power represents the averaged percentage in the active set
being significant after controlling False discover rate at 5% using Benjamini-Hochberg method. 2. FDR reports the averaged
percentage in the non-active set being significant after controlling False discover rate at 5% using Benjamini-Hochberg method.
3. Probability reports the empirical probability that at least one regressor in the group is significant after controlling False
discover rate at 5% using Benjamini-Hochberg method. 4. # identified reports the averaged number of significant regressors
in the group conditioning on at least one regressor in the group is significant. False discover rate is controlled at 5% using

Benjamini-Hochberg method. 5. For 500 cases, lasso tuning parameter is chosen using rule of thumb instead of cross-validation
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Table A6: Descriptive Statistics

village number of number of average average household household average rooms
households  villagers age family size  having electric  having latrine per person
Villagel 182 843 32.7 4.6 90.7% 21.4% 0.6
Village2 195 877 314 4.5 94.4% 41.5% 0.5
Village3 294 1384 30.8 4.7 96.9% 47.3% 0.6
Village4 239 1026 31.3 4.3 98.3% 39.7% 0.5
Villagel2 175 802 30.7 4.6 90.9% 37.7% 0.6
Villagel9 204 1134 30.9 5.6 87.3% 14.7% 0.3
Village20 156 716 32.8 4.6 80.8% 25.0% 0.4
Village21 202 1046 28.6 5.2 83.7% 16.8% 0.4
Village23 254 1252 31.7 4.9 87.8% 28.3% 0.4
Village24 163 835 31.9 5.1 93.9% 13.5% 0.5
Village25 252 1313 30.9 5.2 96.4% 30.6% 0.6
Village28 315 1612 31.6 5.1 97.5% 34.0% 0.6
Village29 290 1337 32.2 4.6 84.1% 28.6% 0.6
Village31 153 851 26.1 5.6 97.4% 34.6% 0.5
Village32 241 1181 30.8 4.9 96.7% 20.7% 0.5
Village33 204 843 334 4.1 95.1% 6.4% 0.7
Village36 289 1214 33.4 4.2 84.8% 4.8% 0.7
Village39 289 1343 31.8 4.6 93.8% 42.2% 0.7
Village42 192 853 37.7 4.4 89.1% 28.6% 0.7
Village43 198 875 34.1 4.4 97.0% 26.8% 0.7
Village45 222 1076 29.8 4.8 94.6% 34.2% 0.5
Villaged7 139 687 33.7 4.9 94.2% 38.1% 0.6
Village50 244 999 34.8 4.1 92.2% 26.2% 0.7
Village51 251 1062 33.9 4.2 89.6% 13.1% 0.7
Villageb2 327 1525 33.8 4.7 91.7% 21.1% 0.7
Village55 257 1180 35.6 4.6 94.9% 4.7% 0.6
Villageb7 212 956 28.8 4.5 93.9% 3.8% 0.5
Village59 329 1599 314 4.9 96.0% 17.9% 0.6
Village62 190 994 32.1 5.2 92.1% 32.6% 0.5
Village65 299 1335 32.8 4.5 93.3% 29.4% 0.7
Village67 193 893 31.8 4.6 96.4% 25.4% 0.6
Village68 153 663 33.0 4.3 88.9% 22.2% 0.7
Village70 205 899 33.1 4.4 95.1% 24.9% 0.7
Village71 298 1388 28.8 4.7 95.0% 42.6% 0.6
Village72 223 999 32.0 4.5 96.9% 30.5% 0.7
Village73 174 870 30.1 5.0 96.6% 20.1% 0.6
Village75 172 831 32.7 4.8 91.3% 27.9% 0.7

Table @ summarizes the descriptive statistics for each villages in the data.
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Table A7: Second Stage: who are they

Predefined Selected by LASSO
leaders Cross-validation — De-bias
Agriculture labour 0.00 0.317** 0.06™**
(0.01) (0.01) (0.00)
Anganavadi Teacher 0.14* 0.11 0.13***
(0.06) (0.07) (0.04)
Bone Specialist 0.83** 0.29 -0.03
(0.32) (0.39) (0.21)
Blacksmith -0.06 0.19" -0.03
(0.09) (0.11) (0.06)
Construction/mud work 0.00 0.17*** 0.15**
(0.02) (0.03) (0.02)
Government Official -0.02 0.18™* 0.04
(0.05) (0.06) (0.03)
Cook 0.05 0.14" 0.03
(0.05) (0.06) (0.03)
Cow/livestock breeding -0.01 0.16*** 0.03*
(0.03) (0.03) (0.02)
Truck/Tractor Driver -0.03 0.16*** 0.08"***
(0.03) (0.03) (0.02)
Factory worker (bricks/stones/mill) -0.00 0.17"*~ 0.07"*
(0.02) (0.03) (0.01)
Milk dairy -0.00 0.12 -0.04
(0.09) (0.11) (0.06)
Poultry farm -0.10 -0.08 0.25"*
(0.12) (0.15) (0.08)
Small business 0.22*** 0.18™** 0.05"*
(0.02) (0.03) (0.01)
Silk/Cotton work 0.03 0.16™** 0.04*
(0.03) (0.03) (0.02)
Tailor Garment worker 0.08™* 0.13*** 0.03
(0.03) (0.04) (0.02)
Teacher 0.05 0.22"** 0.09"**
(0.04) (0.05) (0.03)
Daily labourer -0.05" 0.16™** 0.08"*
(0.03) (0.03) (0.02)
Auto driver -0.00 0.12* 0.03
(0.05) (0.06) (0.03)
Police officer 0.21 0.12 0.02

continue on next page
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Table |§| Continued: Second Stage: who are they

Predefined Selected by LASSO
leaders Cross-validation  De-bias
(0.18) (0.23) (0.12)
Waterman -0.01 -0.01 -0.01
(0.06) (0.08) (0.04)
Social Worker -0.13 0.21 -0.08
(0.16) (0.20) (0.10)
Carpenter -0.09 0.20" 0.08™
(0.07) (0.09) (0.05)
Electronics 0.11 0.22* 0.07
(0.07) (0.09) (0.05)
Goldsmith -0.15 0.07 -0.02
(0.16) (0.20) (0.10)
Hotel worker 0.32"** 0.24™ -0.02
(0.07) (0.09) (0.05)
Poojari 0.53*** 0.15 -0.05
(0.13) (0.16) (0.09)
Post man -0.14 0.19 0.10
(0.12) (0.15) (0.08)
Veterinary clinic 0.87** -0.03 0.00
(0.32) (0.39) (0.21)
Mechanic 0.04 0.19™* 0.10"
(0.06) (0.07) (0.04)
Painter 0.03 0.12 0.13**
(0.07) (0.09) (0.05)
Real Estate business 0.05 0.20 0.08
(0.11) (0.13) (0.07)
Skilled labour/work for company 0.06 0.15™* 0.01
(0.05) (0.06) (0.03)
Barber/saloon 0.41*** -0.01 -0.02
(0.10) (0.12) (0.06)
Lawyer -0.09 0.33 0.00
(0.18) (0.23) (0.12)
Security guard -0.11 0.18 -0.05
(0.13) (0.16) (0.08)
Librarian -0.11 0.18 -0.04
(0.32) (0.39) (0.21)
Student -0.20 0.10 -0.03
(0.23) (0.28) (0.15)
Doctor/Health assistant 0.26* 0.03 -0.06
(0.10) (0.12) (0.07)

continue on next page
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Table |§| Continued:

Second Stage: who are they

Predefined Selected by LASSO
leaders Cross-validation  De-bias
Fireman 0.00 0.00 0.00
(0.00) (0.00) (0.00)
Photographer -0.07 0.24 -0.00
(0.23) (0.28) (0.15)
Folk artist 0.38" 0.08 0.44™*
(0.23) (0.28) (0.15)
Begger 0.00 0.00 0.00
(0.00) (0.00) (0.00)
Wood cutter -0.03 0.15" 0.12**
(0.06) (0.07) (0.04)
Musician/Artist 0.37" 0.37 0.02
(0.23) (0.28) (0.15)
Animal skin business 0.36 0.62* 0.52***
(0.23) (0.28) (0.15)
Control village fix effect Y Y Y

Table [AT] is the full regression table that contains table @] and [f] The first column uses whether one is predefined leaders as

response variable, the second column uses whether one is selected by lasso under cross-validation method as response variable

and the third column uses whether one is selected by lasso using de-bias method as response variable.

parentheses * p < 0.1, ** p < 0.01, *** p < 0.001.
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