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A Proofs

A.1 Proposition 1

Proposition (First Stage Equivalence). Under assumption 1 and 2

E(Dn) = Xnβ0 +
(
Mn ◦Xn

)
η̃,

where η̃j = ηj g̃(β0, Xn,Mn) for some function g̃ depends on β0, Xn, and Mn.

Proof. Let Mn = (m1,m2, · · · ,mn), where mj is the jth column of Mn, η0 = (η0,1, η0,2, · · · , η0,n)′

and Xn = (xn,1, xn,2, · · · , xn,n)′. Then(
Mn ◦ η0

)2
=
(
Mn ◦ η0

)(
m1η0,1,m2η0,2, · · · ,mnη0,n

)
=
[(
Mn ◦ η0

)
m1η0,1,

(
Mn ◦ η0

)
m2η0,2, · · · ,

(
Mn ◦ η0

)
mnη0,n

]
=
[(
Mn ◦m1

)
η0η0,1,

(
Mn ◦m2

)
η0η0,2, · · · ,

(
Mn ◦mn

)
η0η0,n

]
Thus(
Mn ◦ η0

)2
β0Xn =

(
Mn ◦m1

)
η0η0,1xn,1β0 +

(
Mn ◦m2

)
η0η0,2xn,2β0 + · · ·+

(
Mn ◦mn

)
η0η0,nxn,nβ0

=
(
Mn ◦m1

)
η0υ

1
1 +

(
Mn ◦m2

)
η0υ

1
2 + · · ·+

(
Mn ◦mn

)
η0υ

1
n

where υ1
i = η0,ixn,iβ0. Next proof by induction. Assume

(
Mn ◦ η0

)k
β0Xn =

(
Mn ◦m1

)
η0υ

k
1 +

(
Mn ◦m2

)
η0υ

k
2 + · · ·+

(
Mn ◦mn

)
η0υ

k
n

where υki = η0,i
∑n

j=1mj,iυ
k−1
j

3



(
Mn ◦ η0

)k+1
β0Xn =

n∑
i=1

(
Mn ◦ η0

)(
Mn ◦mi

)
η0υ

k
i

=
n∑
i=1

(
Mn ◦ η0

)(
m1mi1η0,1υ

k
i +m2mi2η0,2υ

k
i + · · ·+mnminη0,nυ

k
i

)
=

n∑
i=1

mi1η0,1

(
Mn ◦m1

)
η0υ

k
i + · · ·+minη0,n

(
Mn ◦mn

)
η0υ

k
i

=
n∑
i=1

n∑
j=1

(
Mn ◦mj

)
η0mijη0,jυ

k
i

=

n∑
j=1

(
Mn ◦mj

)
η0υ

k+1
j

Thus,

E(Dn) = Xnβ0 +
(
Mn ◦Xn

)
(β0η0) +

n∑
i=2

(
Mn ◦mi

)
η0υ
∞
i

where υ∞i =
∑∞

j=1 υ
j
i .

And

E(Dn) = Xnβ0 +
(
m1xn,1η0,1

(
β0 +

n∑
i=2

mi1υ
∞
i

xn,1

)
+m2xn,2η0,2

(
β0 +

n∑
i=2

mi2υ
∞
i

xn,2

)
+ · · ·

+mnxn,nη0,n

(
β0 +

n∑
i=2

minυ
∞
i

xn,n

))
= Xnβ0 +

(
Mn ◦Xn

)
η̃

where η̃j = ηj

(
β0 +

∑n
i=2

mijυ
∞
i

xn,j

)
.

�

A.2 Proposition 2

Proposition (First Stage Equivalence – Local Leaders). Under assumption 1’ and 2’

E(Dn) = Xnβ0 + (Mn ◦Xn)η̃∗,∞ +

∞∑
i=1

γiM i
nXnβ0 +

∞∑
i=1

M i
n(Mn ◦Xn)˜̃η∗,(i,∞),

where
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η̃∗,∞j =
∞∑
i=1

η̃
∗(i)
j := η0,j g̃

∞
k,j(η0, γ0, β0, Xn,Mn), ˜̃η

∗,(i,∞)
j =

∞∑
k=1

˜̃η
∗(i,k)
j := η0,j h̃

(i,∞)
k,j (η0, γ0, β0, Xn,Mn)

for some function g̃∞k,j and h̃
(i,∞)
k,j depend on β0, η0, Xn, and Mn.

Proof. First notice that

Dn =
(
Mn ◦Dn

)
η0 +MnDnγ0 +Xnβ0 + εn

=
(
Mn ◦Dn

)
(η0 + γ01) +Xnβ0 + εn

Thus

Dn = Xnβ0 +

∞∑
i=1

(
Mn ◦ (η0 + γ01)

)i
Xnβ0 + (In −Mn ◦ (η0 + γ01))−1εn

First notice, for any vector M = (M1,M2, · · ·Mn)′,

(Mn ◦ η)M =

n∑
i=1

ηiMimi = Mη̃

where η̃j = ηjMj

(
Mn ◦ (η0 + γ01)

)2
β0Xn = γ0β0(Mn ◦ η0)MnXn + γ0β0Mn(Mn ◦ η0)Xn

+ β0(Mn ◦ η0)2Xn + γ2
0M

2
nXnβ0

= (Mn ◦Xn)η̃∗2 + γ2
0M

2
nXnβ0 + γ0β0Mn(Mn ◦Xn)η0

Proof by induction, assume

(
Mn ◦ (η0 + γ01)

)k
β0Xn = (Mn ◦Xn)η̃∗(k) + γk0M

k
nXnβ0 +

k∑
i=1

M i
n(Mn ◦Xn)˜̃η∗(i,k)

where η̃
∗(k)
j = η0,j g̃k,j(η0, γ0, β0, Xn,Mn) and ˜̃η

∗(i,k)
j = η0,j

˜̃g
(i)
k,j(β0, γ0, η0, Xn,Mn)
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Then(
Mn ◦ (η0 + γ01)

)k+1
β0Xn =

(
Mn ◦ (η0 + γ01)

)
(Mn ◦Xn)η̃∗(k)

+
(
Mn ◦ (η0 + γ01)

)
γk0M

k
nXnβ0

+
k∑
i=1

(
Mn ◦ (η0 + γ01)

)
M i
n(Mn ◦Xn)˜̃η∗(i,k)

=
(
Mn ◦ ((Mn ◦Xn)η̃∗(k))

)
η0 + γ0Mn(Mn ◦Xn)η̃∗(k)

+
(
Mn ◦ γk0Mk

nXnβ0

)
η0 + γk+1

0 Mk+1
n Xnβ0

+

k∑
i=1

(
Mn ◦M i

n(Mn ◦Xn)˜̃η∗(i,k)
)
η0 +M i+1

n (Mn ◦Xn)˜̃η∗(i,k)γ0

= (Mn ◦Xn)η̃∗(k+1) + γk+1
0 Mk+1

n Xnβ0 +
k+1∑
i=1

M i
n(Mn ◦Xn)˜̃η∗(i,k+1)

where

η̃
∗(k+1)
j = η0,j

(
diag(Xn)−1 ·

(
γk0M

k
nXnβ0 + (Mn ◦Xn)η̃∗(k) +

k∑
i=1

M i
n(Mn ◦Xn)˜̃η∗(i,k)

))
j

˜̃η∗(1,k+1) = γ0Mn(Mn ◦Xn)η̃∗(k), ˜̃η∗(i+1,k+1) = γ0
˜̃η∗(i,k)

As a result,

E(Dn) = Xnβ0 + (Mn ◦Xn)η̃∗,∞ +

∞∑
i=1

γiM i
nXnβ0 +

∞∑
i=1

M i
n(Mn ◦Xn)˜̃η∗,(i,∞),

where

η̃∗,∞j =

∞∑
i=1

η̃
∗(i)
j := η0,j g̃

∞
k,j(η0, γ0, β0, Xn,Mn), ˜̃η

∗,(i,∞)
j =

∞∑
k=1

˜̃η
∗(i,k)
j := η0,j h̃

(i,∞)
k,j (η0, γ0, β0, Xn,Mn)

�
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A.3 Proposition 3

Proposition (First Stage Equivalence with Cliques + exogenous and correlated effects). Under

assumption 1’ and 2’ and assume M∗n is row sum normalized

E((I −M∗n)Dn) = (I −M∗n)Xnβ0 + (γexo0 + γend0 β0)M∗n(I −M∗n)Xn + (M∗n ◦Xn)η̃∗2,∞

+

∞∑
i=1

(γend0 )i(γexo0 + γend0 )M∗(i+1)
n (I −M∗n)Xnβ0 +

∞∑
i=1

M∗in (Mn ◦Xn)˜̃η∗2,(i,∞)

where

η̃∗2,∞j = η0,j g̃
∞
2,k,j(η0, γ0, β0, Xn,Mn), ˜̃η

∗2,(i,∞)
j = η0,j h̃

(i,∞)
2,k,j (η0, γ0, β0, Xn,Mn)

for some function g̃∞2,k,j and h̃
(i,∞)
2,k,j depend on β0, η0, Xn, and Mn.

Proof. From proposition 2, replace Dn with (I−M∗n)Dn and Xnβ with
(
β0·I+γexo0 M∗n

)
(I−M∗n)Xn:

E((I −M∗n)Dn) = (I −M∗n)Xnβ0 + γexo0 M∗n(I −M∗n)Xn + (M∗n ◦Xn)η̃∗2,∞

+
∞∑
i=1

(γend0 )iM∗in (I −M∗n)Xnβ0 +
∞∑
i=1

(γend0 )iγexo0 M∗(i+1)
n (I −M∗n)Xnβ0

+
∞∑
i=1

M∗in (Mn ◦Xn)˜̃η∗2,(i,∞)

= (I −M∗n)Xnβ0 + (γexo0 + γend0 β0)M∗n(I −M∗n)Xn + (M∗n ◦Xn)η̃∗2,∞

+
∞∑
i=1

(γend0 )i(γexo0 + γend0 )M∗(i+1)
n (I −M∗n)Xnβ0 +

∞∑
i=1

M∗in (Mn ◦Xn)˜̃η∗2,(i,∞)

�

A.4 Proposition 4

Proposition (First Stage Equivalence – Multiple Networks). Under assumption assumption 1*

and assumption 2*

E(Dn) = Xnβ0 +

q∑
j=1

(
M j
n ◦Xn

)
(η̃j0)

where η̃jk = ηjkg̃
j(η0, β0, Xn,Mn) for some function g̃j depends on ηj0, β0, Xn, and M j

n.
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First notice

E(Dn) =

∞∑
i=0

( q∑
j=1

M j
n ◦ η

j
0

)i
β0Xn

= β0Xn + β0

( q∑
j=1

M j
n ◦ η

j
0

)
Xn +

∞∑
i=2

( q∑
j=1

M j
n ◦ η

j
0

)i
β0Xn

= Xnβ0 +

q∑
j=1

(
M j
n ◦Xn

)
(β0η

j
0) +

q∑
j=1

∞∑
i=2

(
M j
n ◦ η

j
0

)i
β0Xn

Apply proposition 1 to each of the q summations
∑∞

i=2

(
M j
n ◦ ηj0

)i
β0Xn we obtain

E(Dn) = Xnβ0 +

q∑
j=1

(
M j
n ◦Xn

)
(η̃j0)

where η̃jk = ηjkg̃
j(η0, β0, Xn,Mn) for some function g̃j depends on ηj0, β0, Xn, and M j

n.

A.5 Theorem 1

Lemma 1 (Finite Sample Bound for the First Stage). For λ1 ≥ 2

√
4σ2c1Λ−2

min logn
n , with probability

at least 1− 1/n

‖Wn(Mn ◦Xn)(ˆ̃η − η̃0)‖22/n+ λ1‖ˆ̃η − η̃0‖1 ≤ 4λ2
1s0/φ

2
0

Proof. From proposition 1

Dn = (Mn ◦Xn)η̃0 +Xnβ0 + (In −Mn ◦ η0)−1ε

Project out Xn, the first stage minimization problem 14 is equivalent to

min
η̃
‖WnDn −Wn(Mn ◦Xn)η̃‖22/n+ λ1‖η‖1

where Wn = In −Xn(X ′nXn)−1Xn. From definition of η̂:

‖WnDn −Wn(Mn ◦Xn)ˆ̃η‖22/n+ λ1‖ˆ̃η‖1 ≤ ‖WnDn −Wn(Mn ◦Xn)η̃0‖22/n+ λ1‖η̃0‖1

Thus

‖Wn(Mn ◦Xn)(ˆ̃η − η̃0)‖22/n+ λ1‖ˆ̃η‖1 ≤ 2ε′(In −Mn ◦ η0)−1′Wn(Mn ◦Xn)(ˆ̃η − η̃0)/n+ λ1‖η̃0‖1

8



and

|2ε′(In −Mn ◦ η0)−1′Wn(Mn ◦Xn)(ˆ̃η − η̃0)| ≤ ‖2ε′(In −Mn ◦ η0)−1′Wn(Mn ◦Xn)‖∞‖(ˆ̃η − η̃0)‖1

From assumption 2, (In −Mn ◦ η0) is invertible and |η0| < 1. From eigenvalue decomposition,

(In −Mn ◦ η0) = LΛL−1 and 0 < Λmin ≤ |Λi| < 1

Thus for any a

a′(In −Mn ◦ η0)−1′(In −Mn ◦ η0)−1a ≤ Λ−2
mina

′a

As a result, consider the event

J̃j =
{
|2ε′(In −Mn ◦ η0)−1′Wn(Mn ◦Xn)(j)/n| ≥ t

}

From assumption 2, ε is sub-gaussian

P(J̃j) ≤ 2 exp

(
− n2t2

2σ2(Mn ◦Xn)′(j)Wn(In −Mn ◦ η0)−1′(In −Mn ◦ η0)−1Wn(Mn ◦Xn)(j)

)

≤ 2 exp

(
− nt2

2σ2c1Λ−2
min

)

Apply union bounds

P(max
j
J̃j) ≤ 2 exp

(
log n− nt2

2σ2c1Λ−2
min

)

Thus with probability at least 1− 1/n,

max
j
|2ε′(In −Mn ◦ η0)−1′Wn(Mn ◦Xn)(j)/n| ≤

√
4σ2c1Λ−2

min log n

n

Choose λ1 ≥ 2

√
4σ2c1Λ−2

min logn
n ,

‖Wn(Mn ◦Xn)(ˆ̃η − η̃0)‖22/n+ λ1‖ˆ̃η‖1 ≤
λ1

2
‖ˆ̃η − η̃0‖1 + λ1‖η̃0‖1

which implies

2‖Wn(Mn ◦Xn)(ˆ̃η − η̃0)‖22/n+ λ1‖ˆ̃ηSc
0
‖1 ≤ 3λ1‖ˆ̃ηS0 − η̃0

S0
‖1

9



When Wn(Mn ◦Xn) satisfies assumption 4-1:

‖η̃S0‖21 ≤ s0η̃
′(Mn ◦Xn)′Wn(Mn ◦Xn)η̃/(φ2

0n)

Thus

2‖Wn(Mn ◦Xn)(ˆ̃η − η̃0)‖22/n+ λ1‖ˆ̃η − η̃0‖1 ≤ 4λ1‖ˆ̃ηS0 − η̃0
S0
‖1

≤ 4λ1
√
s0‖Wn(Mn ◦Xn)(ˆ̃η − η̃0)‖2/(

√
nφ0)

≤ ‖Wn(Mn ◦Xn)(ˆ̃η − η̃0)‖22/n+ 4λ2
1s0/φ

2
0

Thus

‖Wn(Mn ◦Xn)(ˆ̃η − η̃0)‖22/n+ λ1‖ˆ̃η − η̃0‖1 ≤ 4λ2
1s0/φ

2
0

�

Lemma 2 (Finite Sample Bound for the Second Stage). Choose λ ≥ 2

√
4σ2c3Λ−2

min logn
n + 2c2λ1 +

2c3λ1, with probability at least 1− 1/n− 2 exp (−c′3n)

‖Wn(Mn ◦ D̂n)(η̂ − η0)‖22/n+ λ‖η̂‖1 ≤
λ

2
‖η̂ − η0‖1 + λ‖η0‖1

Proof. From the data generating process:

Dn = (Mn ◦Dn)η0 +Xnβ0 + ε

= (Mn ◦ η0)(I −Mn ◦ η0)−1Xnβ0 +Xnβ0 + (I −Mn ◦ η0)−1ε

= (Mn ◦ f)η0 +Xnβ0 + (I −Mn ◦ η0)−1ε

where f = (I −Mn ◦ η0)−1Xnβ0. Project out Xn, the second stage minimization problem as in

equation (15) is equivalent to

min
η
‖WnDn −Wn(Mn ◦ D̂n)η‖22/n+ λ‖η‖1

From the definition of η̂

‖WnDn −Wn(Mn ◦ D̂n)η̂‖22/n+ λ‖η̂‖1 ≤ ‖WnDn −Wn(Mn ◦ D̂n)η0‖22/n+ λ‖η0‖1

which further implies,

‖Wn(Mn ◦ D̂n)(η̂ − η0)‖22/n+ λ‖η̂‖1 ≤ 2ξ′Wn(Mn ◦ D̂n)(η̂ − η0)/n+ λ‖η0‖1
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where ξ = (Mn ◦ η0)(f − D̂n) + (In −Mn ◦ η0)−1ε. Consider the event

Ji =
{
|ξ′Wn(Mn ◦ D̂n)(j)/n| ≥ t

}

First we know that

1

n

∣∣∣(f − D̂n)′(Mn ◦ η0)′(Mn ◦ D̂n)(j)

∣∣∣ ≤ 1

n

∥∥∥(Mn ◦ η0)′(Mn ◦ D̂n)(j)

∥∥∥
2
‖(f − D̂n)‖2

where
1

n

∥∥∥(Mn ◦ η0)′(Mn ◦ D̂n)(j)

∥∥∥
2
≤ ‖D̂n‖∞ ≤ ‖f‖∞ + ‖D̂n − f‖∞ ≤ c′2 + c′′2λ1

and

‖D̂n − f‖∞ ≤ ‖(Mn ◦Xn)(η̂ − η0) +Xn(β̂ − β0))‖∞

≤ ‖(Mn ◦Xn)‖∞|η̂ − η0|1 + ‖Xn‖∞|β̂ − β0|1 ≤ c′′2λ1

Thus
1

n

∣∣∣(f − D̂n)′(Mn ◦ η0)′(Mn ◦ D̂n)(j)

∣∣∣ ≤ c2λ1

The other component in ξ′Wn(Mn ◦ D̂n)(j)/n is

|2ε′(In −Mn ◦ η0)−1′(Mn ◦ (D̂n − f))(j)/n| ≤ |2ε′(In −Mn ◦ η0)−1′(Mn)(j)/n|‖D̂n − f‖∞

From assumption 2, ε is sub-gaussian. By concentration inequality, for a constant c3, there is a c′3

P
(
|2ε′(In −Mn ◦ η0)−1′(Mn)(j)/n| > c3

)
≤ 2 exp

(
−c′3n

)
and further by substitution,

P
(
|2ε′(In −Mn ◦ η0)−1′(Mn ◦ f)(j)/n| ≥ t− c2λ1 − c3λ1

)
≤ 2 exp

(
−n(t− c2λ1 − c′3λ1)2

2σ2c3Λ−2
min

)

Apply the union bound and with probability at least 1− 1/n− 2 exp (−c′3n),

max
j
|2ξ′(Mn ◦ D̂n)(j)/n| ≤

√
4σ2c3Λ−2

min log n

n
+ c2λ1 + c3λ1

Choose λ ≥ 2

√
4σ2c3Λ−2

min logn
n + 2c2λ1 + 2c3λ1, with probability at least 1− 1/n− 2 exp (−c′3n)

‖Wn(Mn ◦ D̂n)(η̂ − η0)‖22/n+ λ‖η̂‖1 ≤
λ

2
‖η̂ − η0‖1 + λ‖η0‖1

11
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Proof of Theorem 1

Proof. In the second stage (15), D̂n is used to replace Dn

(β̂, η̂) = arg min
β,η

(‖Dn −Xnβ − (Mn ◦ D̂n)η‖22/n+ λ‖η‖1)

take the derivative for the second equation:

− (Mn ◦ D̂n)′(Dn −Xnβ̂ − (Mn ◦ D̂n)η̂)/n+ λκ̂ = 0 (A1)

−X ′n(Dn −Xnβ̂ − (Mn ◦ D̂n)η̂)/n = 0 (A2)

where κ̂ = sign(η̂)/2. Substitute Dn = Xnβ0 +(Mn ◦Dn)η0 + εn. Equation A1 can be transformed

as:

1

n
(Mn ◦ D̂n)′Xn(β̂ − β0) +

1

n
(Mn ◦ D̂n)′

(
(Mn ◦ D̂n)η̂ − (Mn ◦Dn)η0

)
+ λκ̂ =

(Mn ◦ D̂n)′ε

n

Similarly, equation A2 can be written as:

1

n
X ′nXn(β̂ − β0) +

1

n
X ′n

(
(Mn ◦ D̂n)η̂ − (Mn ◦Dn)η0

)
=
X ′nε

n

substituting (A2) into (A1), and let Wn =
(
I −Xn(X ′nXn)−X ′n

)
,

1

n
(Mn ◦ D̂n)′Wn

(
(Mn ◦ D̂n)η̂ − (Mn ◦Dn)η0

)
+ λκ̂ =

(Mn ◦ D̂n)′Wnε

n

and further:

1

n
(Mn ◦ D̂n)′Wn(Mn ◦Dn)(η̂ − η0) +

1

n
(Mn ◦ D̂n)′Wn

(
Mn ◦ (D̂n −Dn)

)
η̂

+ λκ̂ =
(Mn ◦ D̂n)′Wnε

n

12



Substitute back (A1) to replace λκ̂:

1

n
(Mn ◦ D̂n)′Wn(Mn ◦Dn)(η̂ − η0) +

1

n
(Mn ◦ D̂n)′Wn(Dn − (Mn ◦Dn)η̂)︸ ︷︷ ︸

κ̂1

=
(Mn ◦ D̂n)′Wnε

n

Further multiply both sides with X̃n = (Mn ◦ D̂n)′Wn(Mn ◦Dn)

X̃ ′nX̃n
n

(η̂ − η0) + X̃ ′nκ̃ = X̃ ′n
(Mn ◦ D̂n)′Wnε

n

Let X̃n,j as the jth column of X̃n . Define Θ̂ generated from the nodewise regression on X̃n as in

Meinshausen and Bühlmann (2006):

γ̂j = arg min
γ
‖X̃n,j − X̃n,−jγ‖22/n+ 2λj‖γ‖1

τ̂j = ‖X̃n,j − X̃n,−j γ̂‖22/n+ 2λj‖γ̂‖1

And write

Ĉ =


1 −γ̂1,2 · · · −γ̂1,n

−γ̂2,1 1 · · · −γ̂2,n

...
...

. . .
...

−γ̂n,1 −γ̂n,2 · · · 1


and

T̂ 2 = diag(τ2
1 , τ

2
2 , · · · , τ2

n)

Then define Θ̂ = T̂−2Ĉ. Θ̂ is an approximation to the inverse of X̃ ′nX̃n/n.

As a result,

(η̂ − η0) + Θ̂X̃ ′nκ̂1 =
1

n
Θ̂X̃ ′n(Mn ◦ D̂n)′Wnε−∆/

√
n

where

∆ :=
√
n(Θ̂X̃ ′nX̃n/n− I)(η̂ − η0)

van de Geer et al. (2014) show that ‖∆‖∞ = op(1) when λ for the nodewise regression is chosen at

rate
√

log n/n

13



Thus define

ê = η̂ + Θ̂X̃ ′n(Mn ◦ D̂n)′Wn(Dn − (Mn ◦Dn)η̂)/n

we have

√
n(ê− η0) =

1√
n

Θ̂X̃ ′nε−∆ ∼ N(0, σ2Θ̂X̃ ′nΩnX̃nΘ̂′)

where Ωn = (Mn ◦ D̂n)′Wn(Mn ◦ D̂n) Similarly

(X ′nXn)(β̂ − β0) +X ′n

(
(Mn ◦ D̂n)η̂ − (Mn ◦Dn)η0

)
= X ′nε

which implies

(X ′nXn)(β̂ − β0) +X ′n(Mn ◦Dn)(η̂ − η0) +X ′n

(
(Mn ◦ (D̂n −Dn))η̂

)
= X ′nε

Consider the nodewise regression on Xn and (Mn ◦Dn), define

γ̂β = arg min
γ
‖Xn − (Mn ◦Dn)γ‖22/n+ 2λ‖γ‖1

Thus

(β̂ − β0) = ∆β/
√
n+

(Xn − (Mn ◦Dn)γ̂β)′
(

(Mn ◦ (D̂n −Dn))η̂
)

(Xn − (Mn ◦Dn)γ̂β)′Xn

+
(Xn − (Mn ◦Dn)γ̂β)′ε

(Xn − (Mn ◦Dn)γ̂β)′Xn

where

∆β =
√
n

(Xn − (Mn ◦Dn)γ̂β)′(Mn ◦Dn)(η̂ − η0)

(Xn − (Mn ◦Dn)γ̂β)′Xn

And define

b̂ = β̂ −
(Xn − (Mn ◦Dn)γ̂β)′

(
(Mn ◦ (D̂n −Dn))η̂

)
(Xn − (Mn ◦Dn)γ̂β)′Xn

We have

√
n(b̂− β0) =

(Xn − (Mn ◦Dn)γ̂β)′ε

(Xn − (Mn ◦Dn)γ̂β)′Xn
+ ∆β ∼ N

0, σ2 (Xn − (Mn ◦Dn)γ̂β)′(Xn − (Mn ◦Dn)γ̂β)(
(Xn − (Mn ◦Dn)γ̂β)′Xn

)2



�
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A.6 Theorem 2

Lemma 3. Define

1

n
(Mn ◦ D̂n)′Wn(Mn ◦ D̂n) := Σ̂ =

(
Σ̂1,1 Σ̂1,2

Σ̂2,1 Σ̂2,2

)
and

1

n
M ′nWnMn := Σ̂ =

(
ΣM

1,1 ΣM
1,2

ΣM
2,1 ΣM

2,2

)

Under irrepresentable condition, with probability at least 1− α3

max
‖u‖∞≤1

‖Σ̂2,1Σ̂−1
1,1u‖∞ < ϑ

Proof. Under irrepresentable condition,

max
‖u‖∞≤1

∥∥∥diag(fSc) · ΣM
2,1ΣM−1

1,1 · diag(fS)−1 · u
∥∥∥
∞
< ϑ

It suffices to show that with high probability

max
‖u‖∞≤1

∥∥∥diag((D̂n)Sc) · ΣM
2,1ΣM−1

1,1 · diag((D̂n)S)−1 · u
∥∥∥
∞
< ϑ

Notice that

diag((D̂n)Sc) · ΣM
2,1ΣM−1

1,1 · diag((D̂n)S)−1 · u− diag(fSc) · ΣM
2,1ΣM−1

1,1 · diag(fS)−1 · u

=
(
diag((D̂n)Sc)− diag(fSc)

)
· ΣM

2,1ΣM−1
1,1 · diag((D̂n)S)−1 · u︸ ︷︷ ︸

(L1.1)

+ diag(fSc) · ΣM
2,1ΣM−1

1,1 ·
(
diag((D̂n)S)−1 − diag(fS)−1

)
· u︸ ︷︷ ︸

(L1.2)

Since f = (In−Mn ◦η0)−1Xnβ, by assumption 2, min(f) and max(f) are uniformly bounded away

from 0 and infinity.

|(L1.1)| ≤

∥∥∥(D̂n)Sc − fSc

∥∥∥
∞

min(fSc)
· max(fS)

min(D̂n)S

∥∥∥diag(fSc) · ΣM
2,1ΣM−1

1,1 · diag(fS)−1 · u
∥∥∥
∞
≤ c5λ1
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|(L1.2)| ≤
∥∥∥diag(fSc) · ΣM

2,1ΣM−1
1,1 · diag(fS)−1 · u

∥∥∥
∞
·

∥∥∥(D̂n)Sc − fSc

∥∥∥
∞

min((D̂n)Sc)
≤ c6λ1

Thus there exist α3 such that with probability at least 1− α3

max
‖u‖∞≤1

‖Σ̂2,1Σ̂−1
1,1u‖∞ < ϑ

Proof of Theorem 2:

The first order condition for second stage in equation (15) is

−(Mn ◦ D̂n)′(Dn −Xnβ̂ − (Mn ◦ D̂n)η̂)/n+ λκ̂ = 0 (A)

−X ′n(Dn −Xnβ̂ − (Mn ◦ D̂n)η̂)/n = 0 (B)

where κ̂ = sign(η̂)/2. Substitute Dn = Xnβ0 +(Mn ◦Dn)η0 + εn. Equation (A) can be transformed

as:

1

n
(Mn ◦ D̂n)′Xn(β̂ − β0) +

1

n
(Mn ◦ D̂n)′

(
(Mn ◦ D̂n)η̂ − (Mn ◦Dn)η0

)
+ λκ̂ =

(Mn ◦ D̂n)′ε

n

substituting (B) into (A), and define Wn =
(
I −Xn(X ′nXn)−X ′n

)
,

1

n
(Mn ◦ D̂n)′Wn

(
(Mn ◦ D̂n)η̂ − (Mn ◦Dn)η0

)
+ λκ̂ =

(Mn ◦ D̂n)′Wnε

n

which implies

1

n
(Mn ◦ D̂n)′Wn(Mn ◦ D̂n)(η̂ − η0) +

1

n
(Mn ◦ D̂n)′Wn

(
(Mn ◦ (D̂n −Dn))η0

)
+ λκ̂ =

(Mn ◦ D̂n)′Wnε

n

Define Σ̂ = 1
n(Mn ◦ D̂n)′Wn(Mn ◦ D̂n) and Σ̃ = 1

n(Mn ◦ D̂n)′Wn(Mn ◦ (D̂n −Dn))

n

(
Σ̂1,1 Σ̂1,2

Σ̂2,1 Σ̂2,2

)(
δ̂S

δ̂Sc

)
−n

(
Σ̃1,1 Σ̃1,2

Σ̃2,1 Σ̃2,2

)(
η0,S

η0,Sc

)
+

(
(nλκ̂)S

(nλκ̂)Sc

)
=

(
((Mn ◦ D̂n)′Wnε)S

((Mn ◦ D̂n)′Wnε)Sc

)

That is

nΣ̂1,1δ̂S + nΣ̂1,2δ̂Sc − nΣ̃1,1η0,S + (nλκ̂)S = ((Mn ◦ D̂n)′Wnε)S

16



and

nΣ̂2,1δ̂S + nΣ̂2,2δ̂Sc − nΣ̃2,1η0,S + (nλκ̂)Sc = ((Mn ◦ D̂n)′Wnε)Sc

Multiplying first equation with δ̂′ScΣ̂2,1Σ̂−1
1,1 and second equation with δ̂′Sc

δ̂′ScΣ̂2,1δ̂S + δ̂′ScΣ̂2,1Σ̂−1
1,1Σ̂1,2δ̂Sc − δ̂′ScΣ̂2,1Σ̂−1

1,1Σ̃1,1η̂0,S + δ̂′ScΣ̂2,1Σ̂−1
1,1(λκ̂)S

= δ̂′ScΣ̂2,1Σ̂−1
1,1((Mn ◦ D̂n)′Wnε)S/n

(A3)

and

δ̂′ScΣ̂2,1δ̂S + δ̂′ScΣ̂2,2δ̂Sc − δ̂′ScΣ̃2,1η̂0,S + δ̂′Sc(λκ̂)Sc = δ̂′Sc((Mn ◦ D̂n)′Wnε)Sc/n (A4)

Notice that

δ̂′Sc(λκ̂)Sc =
λ

2
‖δ̂Sc‖1

Choose λ such that with high probability for some γ̃ ≥ 1 and ϑ̃ = 1+ϑ
1−ϑ , where ϑ is given in the

irrepresentable condition in assumption 4,

P
(
‖(Mn ◦ D̂n)′Wnε‖∞ ≤

nλ

2(γ̃ ∨ ϑ̃)

)
= 1− α1

As a result

δ̂′ScΣ̂2,1Σ̂−1
1,1(λκ̂)S − δ̂′ScΣ̂2,1Σ̂−1

1,1((Mn ◦ D̂n)′Wnε)S/n

= δ̂′ScΣ̂2,1Σ̂−1
1,1

λ

2

(
2κ̂− 2(Mn ◦ D̂n)′Wnε

nλ

)
S

≤
(

1 +
1

ϑ̃

)
λ

2
‖Σ̂2,1Σ̂−1

1,1u‖∞‖δ̂Sc‖1

≤
(

1− 1

ϑ̃

)
λ

2
‖δ̂Sc‖1

where the last inequality is by irrepresentable condition and

δ̂′Sc(λκ̂)Sc − δ̂′Sc((Mn ◦ D̂n)′Wnε)Sc/n =
λ

2

(
‖δ̂Sc‖1 −

2δ̂′Sc((Mn ◦ D̂n)′Wnε)Sc

nλ

)

≥
(

1− 1

ϑ̃

)
λ

2
‖δ̂Sc‖1

Also notice that

Σ̂2,1Σ̂−1
1,1Σ̃1,1 = (Mn ◦ D̂n)′ScWn(Mn ◦ D̂n)S

(
(Mn ◦ D̂n)′SWn(Mn ◦ D̂n)S

)−1
(Mn ◦ D̂n)′SWn(Mn ◦ (Dn − D̂n))S

= (Mn ◦ D̂n)′ScWn(Mn)S
(
(Mn)′SWn(Mn)S

)−1
(Mn)′SWn(Mn)S · diag((Dn − D̂n)S)

= (Mn ◦ D̂n)′ScWn(Mn ◦ (Dn − D̂n))S = Σ̃2,1

17



Subtract equation (A3) from equation (A4):

δ̂′Sc

(
Σ̂2,2 − Σ̂2,1Σ̂−1

1,1Σ̂1,2

)
δ̂Sc ≤ 0

which implies ‖δ̂Sc‖1 = 0.

Next, recall the equation below:

1

n
(Mn ◦ D̂n)′Wn(Mn ◦ D̂n)(η̂ − η0) +

1

n
(Mn ◦ D̂n)′Wn

(
(Mn ◦ (D̂n −Dn))η0

)
+ λκ̂ =

(Mn ◦ D̂n)′Wnε

n

which then implies

1

n
(Mn ◦ D̂n)′Wn(Mn ◦ D̂n)

(
η̂ − η0

)
+

1

n
(Mn ◦ D̂n)′Wn(Mn ◦ η0)

(
D̂n − f

)
− 1

n
(Mn ◦ D̂n)′Wn(Mn ◦ η0)

(
(In −Mn ◦ η0)−1ε

)
+ λκ̂ =

(Mn ◦ D̂n)′Wnε

n

We can further separate the equation by S and Sc and substitute in ‖δ̂Sc‖1 = 0

1

n
(Mn ◦ D̂n)′SWn(Mn ◦ D̂n)S

(
η̂S − η0,S

)
+

1

n
(Mn ◦ D̂n)′SWn(Mn ◦ η0)S

(
D̂n − f

)
S

=
λ

2

2(Mn ◦ D̂n)′Wn

(
(In −Mn ◦ η0)−1ε

)
nλ

− 2κ̂


S

Recall with probability at least 1− α2

2(Mn ◦ D̂n)′Wn

(
(In −Mn ◦ η0)−1ε

)
≤ nλ/ϑ̃

Thus

‖η̂S − η0,S‖∞ ≤
(

1 +
1

ϑ̃

)
max
|v|≤1

‖Σ̂−1
1,1v‖∞

λ

2
+ max

j∈S

1

n
‖Σ̂−1

1,1(Mn ◦ D̂n)′(j)Wn(Mn ◦ η0)S‖2
∥∥∥(D̂n − f

)
S

∥∥∥
2
≤ c4λ

�

A.7 Theorem 3

Lemma 4 (Finite Sample Bound for the First Stage – group sparse LASSO). For λ1,1 + λ1,2 ≥

2

√
4σ2d1Λ−2

min(logn+log q)
n , with probability at least 1− 1/qn

‖WnZ
x
n(ˆ̃η − η̃0)‖22/n+ λ1,1‖ˆ̃η − η̃0‖1 + λ1,2

q∑
j=1

‖ˆ̃ηj − η̃j‖2 ≤ 8
(
λ2

1,1 + λ2
1,2

)
s0/φ

2
1
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Proof. In the presence of multiple networks, we use sparse group lasso:

min
η̃

 1

2n

∥∥∥∥∥∥Dn −
q∑
j=1

(M j
n ◦Xn)η̃j −Xnβ

∥∥∥∥∥∥
2

2

+

 q∑
j=1

(
λ1,2‖η̃j‖2 + λ1,1‖η̃j‖1

)
Let Zxn =

[
(M1

n ◦Xn), (M2
n ◦Xn), · · · (M q

n ◦Xn)
]

and η̃M0 = (η̃1′ , η̃2′ , · · · , η̃q′)′. Project out Xn, the

minimization problem is equivalent to

min
η̃
‖WnDn −WnZ

x
n η̃‖22/n+

q∑
j=1

(
λ1,2‖η̃j‖2 + λ1,1‖η̃j‖1

)

From definition of η̂:

‖WnDn −WnZ
x
n

ˆ̃η‖22/n+

q∑
j=1

(
λ1,2‖ˆ̃ηj‖2 + λ1,1‖ˆ̃ηj‖1

)
≤ ‖WnDn −WnZ

x
n η̃

M
0 ‖22/n+

q∑
j=1

(
λ1,2‖η̃j‖2 + λ1,1‖η̃j‖1

)

And recall the data generating process from proposition 4,

‖WnZ
x
n(ˆ̃η − η̃0)‖22/n+

q∑
j=1

(
λ1,2‖ˆ̃ηj‖2 + λ1,1‖ˆ̃ηj‖1

)

≤ 2ε′

In − q∑
j=1

(
M j
n ◦ η

j
0

)−1′

WnZ
x
n(ˆ̃η − η̃M0 )/n+

q∑
j=1

(
λ1,2‖η̃j‖2 + λ1,1‖η̃j‖1

)

Similar as the proof in lemma 1, by assumption assumption 2*, since
(
In −

∑q
j=1

(
M j
n ◦ ηj0

))
is

invertible,

J̃k =


∣∣∣∣∣∣2ε′(In −

q∑
j=1

M j
n ◦ η0,j)−1′WnZ

x
n,(k)/n

∣∣∣∣∣∣ ≥ t


since ε is sub-gaussian

P(J̃k) ≤ 2 exp

(
− n2t2

2σ2Zx
′

n,(k)Wn(In −
∑q

j=1M
0,j
n ◦ η0,j)−1′(In −

∑q
j=1M

j
n ◦ η0,j)−1WnZxn,(k)

)

≤ 2 exp

(
− nt2

2σ2d1Λ−2
min

)

Apply union bounds

P(max
k
J̃k) ≤ 2 exp

(
log nq − nt2

2σ2d1Λ−2
min

)
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Thus with probability at least 1− 1/qn,

max
k
|2ε′(In −

q∑
j=1

M0,j
n ◦ η0,j)−1′WnZ

x
n,(k)/n| ≤

√
4σ2d1Λ−2

min(log n+ log q)

n

Choose λ1,1 ≥ 2

√
4σ2d1Λ−2

min(logn+log q)
n ,

‖WnZ
x
n(ˆ̃η − η̃0)‖22/n+

q∑
j=1

(
λ1,2‖ˆ̃ηj‖2 + λ1,1‖ˆ̃ηj‖1

)
≤ λ1,1

2

q∑
j=1

‖ˆ̃ηj − η̃j‖1 +

q∑
j=1

(
λ1,2‖η̃j‖2 + λ1,1‖η̃j‖1

)

Define

SG := {1 ≤ j ≤ q : |ηj |1 6= 0}

From proposition 4, η̃j has the same sparsity pattern as ηj ,

q∑
j=1

(‖η̃j‖2 − ‖ˆ̃ηj‖2) ≤
∑
j∈SG

‖ˆ̃ηj − η̃j‖2 −
∑
j∈SGc

‖ˆ̃ηj‖2

thus

2‖WnZ
x
n(ˆ̃η − η̃0)‖22/n+ λ1,1‖ˆ̃ηSc

0
‖1 + 2λ1,2

∑
j∈SGc

‖ˆ̃ηj‖2 ≤ 3λ1,1‖ˆ̃ηS0 − η̃0
S0
‖1 + 2λ1,2

∑
j∈SG

‖ˆ̃ηj − η̃j‖2

When WnZ
x
n satisfies the compatibility assumption:∑

j∈SG
‖η̃j‖22 ≤ ‖η̃S0‖21 ≤ s0η̃

′Zx
′

n WnZ
x
n η̃/(φ

2
1n)

Thus

2‖WnZ
x
n(ˆ̃η − η̃0)‖22/n+ λ1,1‖ˆ̃η − η̃0‖1 + 2λ1,2

q∑
j=1

‖ˆ̃ηj − η̃j‖2 ≤ 4λ1,1‖ˆ̃ηS0 − η̃0
S0
‖1 + 4λ1,2

∑
j∈SG

‖ˆ̃ηj − η̃j‖2

≤ 4λ1,1
√
s0‖WnZ

x
n(ˆ̃η − η̃0)‖2/(

√
nφ1) + 4λ1,2

√
s0‖WnZ

x
n(ˆ̃η − η̃0)‖2/(

√
nφ1)

≤ ‖WnZ
x
n(ˆ̃η − η̃0)‖22/n+ 8

(
λ2

1,1 + λ2
1,2

)
s0/φ

2
1
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Thus

‖WnZ
x
n(ˆ̃η − η̃0)‖22/n+ λ1,1‖ˆ̃η − η̃0‖1 + λ1,2

q∑
j=1

‖ˆ̃ηj − η̃j‖2 ≤ 8
(
λ2

1,1 + λ2
1,2

)
s0/φ

2
1

�

Proof of Theorem 3

For the second stage

min
η

 1

2n

∥∥∥∥∥∥Dn −
q∑
j=1

(M j
n ◦ D̂n)ηj −Xnβ

∥∥∥∥∥∥
2

2

+

 q∑
j=1

(
λ2,1‖ηj‖1 + λ2,2‖ηj‖2

)
The KKT condition with respect to the jth group can be written as:

− (M j
n ◦ D̂n)′

Dn −
q∑
j=1

(M j
n ◦ D̂n)η̂j −Xnβ̂

+ nλ2,1τ
j + nλ2,2ν

j = 0 (A5)

For any η̂ji 6= 0 in group j,

τ ji = sign(η̂ji ), and νji =
η̂ji
‖η̂j‖2

Let τ = (τ1, τ2, · · · , τp)′, ν = (ν1, ν2, · · · , νp)′. Let Ẑn =
[
(M1

n ◦ D̂n), (M2
n ◦ D̂n), · · · (M q

n ◦ D̂n)
]
,

Zn =
[
(M1

n ◦Dn), (M2
n ◦Dn), · · · (M q

n ◦Dn)
]
, and ηM0 = (η1′ , η2′ , · · · , ηq′)′. Plug in Dn = Znη

M
0 +

Xnβ0 + εn. Equation (A5) is:

− Ẑ ′n(Dn −Xnβ̂ − Ẑnη̂M )/n+ λ1τ + λ2ν = 0

⇔− Ẑ ′nε

n
+
Ẑ ′nXn

n
(β̂ − β0) +

1

n
Ẑ ′n(Ẑnη̂

M − ZnηM0 ) + λ1τ + λ2ν = 0

⇔− Ẑ ′nε

n
+
Ẑ ′nXn

n
(β̂ − β0) +

1

n
Ẑ ′nZn(η̂M − ηM0 ) +

1

n
Ẑ ′n(Ẑn − Zn)η̂M + λ1τ + λ2ν = 0

(A6)

The derivative with respect to β is

−X ′n(Dn −Xnβ̂ − Ẑnη̂M )/n = 0

⇔ 1

n
X ′nXn(β̂ − β0) +

1

n
X ′nẐ(η̂M − ηM0 ) +

1

n
X ′n

(
Ẑn − Zn

)
ηM0 =

X ′nε

n

⇔(β̂ − β0) + (X ′nXn)−1X ′nẐ(η̂M − ηM0 ) + (X ′nXn)−1X ′n

(
Ẑn − Zn

)
ηM0 = (X ′nXn)−1X ′nε

(A7)
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Substitute (A7) into equation (A6):

1

n
Ẑ ′nWnZn(η̂M − ηM0 ) +

1

n
Ẑ ′nWn(Ẑn − Zn)η̂M + λ1τ + λ2ν =

Ẑ ′nWnε

n
(A8)

Further substitute (A5) into equation (A8) to replace λ1τ + λ2ν,

1

n
Ẑ ′nWnZn(η̂M − ηM0 ) +

1

n
Ẑ ′nWn(Ẑn − Zn)η̂M +

1

n
Ẑ ′nWn(Dn − Ẑnη̂M ) =

Ẑ ′nWnε

n

⇔ 1

n
Ẑ ′nWnZn(η̂M − ηM0 ) +

1

n
Ẑ ′nWn(Dn − Znη̂M )︸ ︷︷ ︸

κ̂2

=
Ẑ ′nWnε

n

(A9)

Define Θ̂Z through nodewise regression on Z̃n = 1
n Ẑ
′
nWnZn similarly as in theorem 1

(η̂M − ηM0 ) + Θ̂ZZ̃ ′nκ̂2 =
1

n
Θ̂ZZ̃ ′nẐ ′nWnε−∆M/

√
n

where

∆M :=
√
n(Θ̂ZZ̃ ′nZ̃n/n− I)(η̂ − η0)

This suggest the following estimator:

êM = η̂M + Θ̂ZZ̃ ′nẐ ′nWn(Dn − Znη̂M )/n→ η0

b̂M = β̂ −
(Xn − Znγ̂β)′(Ẑn − Znη̂M )

(Xn − Znγ̂β)′Xn

and with Ωm
n = Ẑ ′nWnẐn

√
n(êM − ηM0 ) =

1√
n

Θ̂ZZ̃ ′nε−∆M ∼ N(0, σ2Θ̂ZZ̃ ′nΩm
n Z̃nΘ̂′Z)

√
n(b̂M − β0) =

(Xn − Znγ̂β)′ε

(Xn − Znγ̂β)′Xn
+ ∆β ∼ N

0, σ2 (Xn − Znγ̂β)′(Xn − Znγ̂β)(
(Xn − Znγ̂β)′Xn

)2


�
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A.8 Theorem 4

Proof of Theorem 4:

From equation (A8)

1

n
Ẑ ′nWnZn(η̂M − ηM0 ) +

1

n
Ẑ ′nWn(Ẑn − Zn)η̂M + λ2,1τ + λ2,2ν =

Ẑ ′nWnε

n

which implies

1

n
Ẑ ′nWnẐn(η̂M − ηM0 ) +

1

n
Ẑ ′nWn(Ẑn − Zn)ηM + λ2,1τ + λ2,2ν =

Ẑ ′nWnε

n

Define Σ̂mul = 1
n Ẑ
′
nWnẐn and Σ̃mul = 1

n Ẑ
′
nWn(Ẑn − Zn). Denote δ̂ = ((δ̂S)′, (δ̂S

c
)′)′ as a partition

by the non-zero groups. We have the following partition of matrix

n

(
Σ̂mul

1,1 Σ̂mul
1,2

Σ̂mul
2,1 Σ̂mul

2,2

)(
δ̂S

δ̂Sc

)
−n

(
Σ̃mul

1,1 Σ̃mul
1,2

Σ̃mul
2,1 Σ̃mul

2,2

)(
η0,S

η0,Sc

)
+

(
(nλ2,1τ + nλ2,2ν)S

(nλ2,1τ + nλ2,2ν)Sc

)
=

(
(Ẑ ′nWnε)S

(Ẑ ′nWnε)Sc

)

That is

nΣ̂mul
1,1 δ̂S + nΣ̂mul

1,2 δ̂Sc − nΣ̃mul
1,1 η0,S + (nλ2,1τ + nλ2,2ν)S = (Ẑ ′nWnε)S

and

nΣ̂mul
2,1 δ̂S + nΣ̂mul

2,2 δ̂Sc − nΣ̃mul
2,1 η0,S + (nλ2,1τ + nλ2,2ν)Sc = (Ẑ ′nWnε)Sc

Multiplying first equation with δ̂′ScΣ̂mul
2,1 (Σ̂mul

1,1 )−1 and second equation with δ̂′Sc

δ̂′ScΣ̂mul
2,1 δ̂S + δ̂′ScΣ̂mul

2,1 Σ̂−1
1,1Σ̂mul

1,2 δ̂Sc − δ̂′ScΣ̂mul
2,1 Σ̂−1

1,1Σ̃mul
1,1 η̂0,S + δ̂′ScΣ̂mul

2,1 Σ̂−1
1,1(λ2,1τ + λ2,2ν)S

= δ̂′ScΣ̂mul
2,1 (Σ̂mul

1,1 )−1(Ẑ ′nWnε)S/n
(A10)

and

δ̂′ScΣ̂mul
2,1 δ̂S + δ̂′ScΣ̂mul

2,2 δ̂Sc − δ̂′ScΣ̃mul
2,1 η̂0,S + δ̂′Sc(λ2,1τ + λ2,2ν)Sc = δ̂′Sc(Ẑ ′nWnε)Sc/n (A11)

Let c̃ =
λ2,1
λ2,2

. Choose λ2,1 and λ2,2 such that c̃ >
ϑmul
1

1−ϑmul
1

and define

ϑ̃mul1 =
1 + ϑmul1

1− (1 + 1
c̃ )ϑ

mul
1

, ϑ̃mul2 =
1 + c̃ϑmul2

(1− ϑmul2 )(1 + c̃)
,
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,where ϑmul1 and ϑmul2 is given in the irrepresentable condition as in assumption 4*. From Lemma

4 with high probability for some γ̃ ≥ 1

P

(
‖Ẑ ′nWnε‖∞ ≤

nλ2,1

(γ̃ ∨ ϑ̃mul1 )

)
= 1− α2

Define Σ̂mul
0,1 = 1

n Ẑ
′
nWn(Ẑn)S and the set sgck = {l : ηkl = 0 and k ∈ SG}. For k ∈ SG and l ∈ sgck,

η̂kl 6= 0⇒ δ̂kl τ
k
l = |δ̂kl |, and δ̂kl ν

k
l =

(δ̂kl )2

‖η̂k‖2

η̂kl = 0⇒ δ̂kl τ
k
l = 0 = |δ̂kl |, and δ̂kl ν

k
l = 0 =

(δ̂kl )2

‖η̂k‖2

and for k ∈ SGc and all l,

η̂kl 6= 0⇒ δ̂kl τ
k
l = |δ̂kl |, and δ̂kl ν

k
l =

(δ̂kl )2

‖η̂k‖2
=

(δ̂kl )2

‖δ̂k‖2

η̂kl = 0⇒ δ̂kl τ
k
l = 0 = |δ̂kl |, and δ̂kl ν

k
l = 0 =

(δ̂kl )2

‖δ̂k‖2

Thus,

δ̂′ScΣ̂mul
2,1 (Σ̂mul

1,1 )−1(λ2,1τ + λ2,2ν)S − δ̂′ScΣ̂mul
2,1 (Σ̂mul

1,1 )−1(Ẑ ′nWnε)S/n

=
∑
k∈SG

∑
l∈sgck

(δ̂kl )

(
Σ̂mul

0,1 (Σ̂mul
1,1 )−1λ2,1

(
τ +

ν

c̃
− Ẑ ′nWnε

nλ2,1

)
S

)k
l

+
∑
k∈SGc

(δ̂k)′

(
Σ̂mul

0,1 (Σ̂mul
1,1 )−1λ2,2

(
c̃τ + ν − Ẑ ′nWnε

nλ2,2

)
S

)k
≤ λ2,1 max

‖u1‖∞<
(

1+ 1
c̃
+ 1

ϑ̃mul
1

) max
k∈SG&l∈sgck

(
Σ̂mul

0,1 (Σ̂mul
1,1 )−1u1

)k
l

∑
k∈SG

∑
l∈sgck

|δ̂kl |

+ λ2,2 max

‖u2‖∞<
(

1+c̃+ c̃

ϑ̃mul
2

) max
k∈SGc

∥∥∥∥(Σ̂mul
0,1 (Σ̂mul

1,1 )−1u2

)k∥∥∥∥
2

∑
k∈SGc

‖δ̂k‖2

≤

(
1− 1

ϑ̃mul1

)
λ2,1

∑
k∈SG

∑
l∈sgck

|δ̂kl |+

(
1 + c̃

(
1− 1

ϑ̃mul2

))
λ2,2

∑
k∈SGc

‖δ̂k‖2
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and further

δ̂′Sc(λ2,1τ + λ2,2ν)Sc − δ̂′Sc(Ẑ ′nWnε)Sc/n ≥ λ2,1

∑
k∈SG

∑
l∈sgck

(
|δ̂kl | −

δ̂k
′
l (Ẑ ′nWnε)

k
l

nλ2,1

)

+ λ2,2

∑
k∈SGc

(
‖δ̂k‖2 + c̃‖δ̂k‖1 − ‖δ̂k

′‖1

∥∥∥∥∥(Ẑ ′nWnε)
k

nλ2,2

∥∥∥∥∥
∞

)

≥

(
1− 1

ϑ̃mul1

)
λ2,1

∑
k∈SG

∑
l∈sgck

|δ̂kl |+ λ2,2

∑
k∈SGc

(
1 + c̃

(
1− 1

ϑ̃mul2

))
‖δ̂k‖2

Subtract equation (A10) from equation (A11) and similar as in Theorem 2 that Σ̂mul
2,1 (Σ̂mul

1,1 )−1Σ̃mul
1,1 =

Σ̃mul
2,1

δ̂′Sc

(
Σ̂mul

2,2 − Σ̂mul
2,1 (Σ̂mul

1,1 )−1Σ̂mul
1,2

)
δ̂Sc ≤ 0

which implies ‖δ̂Sc‖1 = 0.

�
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B Assumptions with Multiple Networks

Assumption 1* (Sparse Group Sparsity). Among n individuals in qn networks, let Sjn be the set

of influential individuals in network j. Let sjn = |Sjn| be the number of elements in Sjn.

sjn = o

( √
n

log n

)
, as n→∞

sg =

qn∑
j=1

1(sjn 6= 0) = o

(
n

log qn

)
, as n→∞

Notice same individual from different networks are counted as different elements in Sn

Assumption 2* (Sparse Group SAR restrictions).

- There exists an ηmax < 1 such that
∑q

j=1 ‖η
j
0‖∞ ≤ ηmax

- The εj are i.i.d sub-Gaussian random variable with 0 mean and variance σ2

- The regressors xi in Xn are uniformly bounded constants for all n. limn→∞X
′
nXn/n exists

and is nonsingular

- The minimum eigenvalue of
(
In −

(∑q
j=1M

j
n ◦ ηj0

))
, Λmin, is uniformly bounded away from

0.

By inverting the simultaneous equation:

E(Dn) =

∞∑
i=0

( q∑
j=1

M j
n ◦ η

j
0

)i
β0Xn

= β0Xn + β0

( q∑
j=1

M j
n ◦ η

j
0

)
Xn +

∞∑
i=2

( q∑
j=1

M j
n ◦ η

j
0

)i
β0Xn

= Xnβ0 +

q∑
j=1

(
M j
n ◦Xn

)
(β0η

j
0) +

∞∑
i=2

( q∑
j=1

M j
n ◦ η

j
0

)i
β0Xn

Xn,
(
M1
n ◦Xn

)
,
(
M2
n ◦Xn

)
, · · · ,

(
M q
n ◦Xn

)
are valid instruments.

Apply the same algebra

E(Dn) = Xnβ0 +

q∑
j=1

(
M j
n ◦Xn

)
η̃j
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Assumption 3* (Sparse Group Independence).
[
Wn

(
M1
n ◦Xn

)
S
,Wn

(
M2
n ◦Xn

)
S
, · · · ,Wn

(
M q
n ◦Xn

)
S

]
is full rank with probability equals to 1.

We can use Group Lasso to identify those influential individuals and the networks that deliver the

influence. For Group Lasso to achieve consistent selection, we need the following assumption:

Assumption 4*.

(Sparse Group Irrepresentable Condition) There is a ϑmul1 ∈ (0, 1) and ϑmul2 ∈ (0, 1) such that

max
‖u1‖∞<1

max
k∈SG&l∈sgck

(
diag(fmul)ΣM,mul

0,1 (ΣM,mul
1,1 )−1diag

([
(fmul)S1 , · · · , (fmul)Sq

])−1
u1

)k
l

≤ ϑmul1

and

max
u:‖u‖∞≤1

max
k∈SGc

∥∥∥∥∥diag(fmul)

(
ΣM,mul

0,1 (ΣM,mul
1,1 )−1diag

([
(fmul)S1 , · · · , (fmul)Sq

])−1
u2

)k∥∥∥∥∥
2

≤ ϑmul2

(Beta Min Condition) There exists N ∈ N: ∀n ≥ N , there is a m > 0 such that

min |(η0)S | ≥ m/
√
n

where

Σmul :=
1

n
[M1

n,M
2
n, · · · ,M q

n]′Wn[M1
n,M

2
n, · · · ,M q

n] =

(
ΣM,mul

1,1 ΣM,mul
1,2

ΣM,mul
2,1 ΣM,mul

2,2

)
with the matrix partitioned by the set S (indexed by 1) and Sc (indexed by 2). And define

Σ̂mul
0,1 =

1

n
[M1

n,M
2
n, · · · ,M q

n]′Wn([M1
n,M

2
n, · · · ,M q

n])S

and

fmul =

In − ( q∑
j=1

M j
n ◦ η

j
0

)−1

Xnβ0

Assumption 4-1* (Sparse Group Compatibility Condition). For some φ0 > 0 (independent of n)

and for all η satisfying ‖ηSc‖1 ≤ 3‖ηS‖1, it holds that

‖ηS‖21 ≤ (η′([M1
n,M

2
n, · · · ,M q

n])′SWn([M1
n,M

2
n, · · · ,M q

n])Sη)s0/φ
2
0,

27



C Centraility

Denote a graph as G = (V,E), where V represents the set for vertex and E represents the set for

edges. Define a measure d : (x, y)→ R as the length of the shortest path between the node x and

y. And define M as the adjacency matrix for graph G. I consider the following centrality measures:

• Degree centrality

The degree centrality CD(x) of a vertex V is defined as the number of edges connected to

node v.

• Closeness centrality

The Closeness centrality is the average length of the shortest path between the node and all

other nodes in the graph.

CC(v) =
1∑

y∈V d(v, y)

• Betweenness centrality

Betweenness centrality measures the number of times a node acts as a bridge along the

shortest path between two other nodes.

CB(v) =
∑

x 6=v 6=y∈V

σx,y(v)

σx,y

where σx,y is total number of shortest paths from node x to node y. σx,y(v) is the number of

those paths that pass through v.

• Eigenvector centrality

Eigenvector centrality is defined as the left-hand eigenvector of the adjacency matrix M

associated with the largest eigenvalue λ:

λx = xM

And the vth entry of x is the eigenvector centrality of v.
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D Simulation and Empirical Results

I use the Erdos-Renyi algorithm and Watts-Strogatz mechanism to simulate a network of size n. I

set the first 5 (or 10) individuals to be influential by letting their coefficients ηj be non-zero. To

guarantee the existence of endogenous effects, I arbitrarily specify the connections among these five

(or ten) individuals.

I use the following adjacency matrix for influential individuals when there are five of them:

0 0 0 1 0

0 0 0 1 1

0 0 0 1 0

1 1 1 0 0

0 1 0 0 0



I use the following adjacency matrix for influential individuals when there are ten of them:

0 0 0 1 0 0 0 0 0 1

0 0 0 1 1 1 0 0 0 0

0 0 0 1 0 0 0 0 0 0

1 1 1 0 0 0 0 0 0 0

0 1 0 0 0 0 1 0 0 0

0 1 0 0 0 0 1 0 1 0

0 0 0 0 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0

1 0 0 0 0 0 0 0 0 0


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Table A1: Simulation: Erdos-Renyi + 5 influential individuals

0.1 0.2

Network Size 50 200 500 50 200 500

Avgcov S0 0.9780 0.9560 0.9380 0.9770 0.9480 0.9580

Avglength S0 2.9420 3.6734 2.6136 1.0179 3.3098 2.0386

Avgcov Sc0 0.9222 0.9861 0.9846 0.9920 0.9861 0.9884

Avglength Sc0 18.9664 8.1006 2.5444 21.4923 3.1052 1.9782

Avgcov β 0.8700 0.9700 0.9650 0.9500 0.9650 0.9800

Avglength β 4.0056 0.4890 0.2959 0.9773 0.7905 0.5209

Power 1 0.2140 0.1800 0.4650 0.5870 0.2520 0.1770

FDR 2 0.0147 0.0001 0.0000 0.0017 0.0000 0.0030

Avgcov 1 0.9900 0.9000 0.9900 0.9500 0.9000 0.9850

Avglength 1 3.0138 5.6446 0.8600 0.7202 4.8020 1.9351

Avgcov 2 0.9700 0.9700 0.8600 0.9850 0.9650 0.9550

Avglength 2 5.0537 2.6632 1.5617 1.5222 2.7718 2.5142

Avgcov 3 0.9800 0.9400 0.9150 0.9900 0.9250 0.9900

Avglength 3 2.4503 4.8645 4.3329 0.7604 4.2660 1.5686

Avgcov 4 0.9600 0.9800 0.9650 0.9950 0.9500 0.9950

Avglength 4 1.8805 3.6298 4.1772 0.8212 3.6354 1.6983

Avgcov 5 0.9900 0.9900 0.9600 0.9650 1.0000 0.8650

Avglength 5 2.3115 1.5647 2.0417 1.2652 1.0741 2.4768

Table A1 summarizes the results simulated on Erdos-Renyi type random graphs. When a node is added into the graph, it has

probability p = 0.1 or p = 0.2 to form a link with all existing nodes. The reported coverage is from 200 simulations from 50, 200

and 500 nodes graphs. The active set S0 contains 5 nodes and coverage for each is reported as Avgcov 1-5. Nonactive set Sc
0

contains all remaining nodes. 1. Power represents the averaged percentage in the active set being significant after controlling

False discover rate at 5% using Benjamini-Hochberg method. 2. FDR reports the averaged percentage in the non-active set

being significant after controlling False discover rate at 5% using Benjamini-Hochberg method.
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Table A2: Simulation: Erdos-Renyi + 10 influential individuals

0.1 0.2

Network Size 50 200 500 3 50 200 500 3

Avgcov S0 0.9730 0.9870 0.8805 0.6905 0.9870 0.8330

Avglength S0 11.8263 1.5870 4.5802 0.8400 3.6207 2.1104

Avgcov Sc0 0.9942 0.9905 0.9638 0.9827 0.9972 0.9733

Avglength Sc0 23.2425 2.5128 4.0562 9.3871 2.9423 5.5000

Avgcov β 0.9800 0.9700 0.9300 0.9500 0.9950 0.9950

Avglength β 2.6520 0.5203 0.9008 1.2524 0.5261 0.7915

Power 1 0.0475 0.1680 0.5725 0.8175 0.1620 0.4710

FDR 2 0.0000 0.0001 0.0000 0.0102 0.0000 0.0004

Avgcov 1 0.9250 1.0000 0.9200 0.8150 0.9950 0.8800

Avglength 1 6.8760 0.9064 1.6038 0.5357 0.8415 2.0727

Avgcov 2 0.9600 1.0000 0.9350 0.8350 1.0000 0.8550

Avglength 2 5.4525 1.0753 17.1486 0.3364 0.8152 1.2254

Avgcov 3 0.9950 0.9900 0.9300 0.9750 0.9650 0.6600

Avglength 3 12.2042 2.8843 2.5877 2.0093 1.8027 1.4287

Avgcov 4 0.9600 0.9600 0.9450 0.4150 0.9750 0.8300

Avglength 4 17.9822 1.8353 1.5234 0.3987 2.1970 1.7792

Avgcov 5 0.9900 1.0000 0.8600 1.0000 1.0000 0.8150

Avglength 5 3.0831 1.0112 1.1228 0.4478 1.0124 0.7712

Avgcov 6 0.9750 0.9900 0.8850 0.5250 1.0000 0.9100

Avglength 6 39.1903 2.1300 14.2821 0.3061 20.5070 3.9918

Avgcov 7 0.9750 0.9600 0.8500 0.2800 0.9600 0.8250

Avglength 7 19.0146 2.5613 3.2858 0.8466 5.3259 5.0870

Avgcov 8 0.9650 1.0000 0.9100 0.7800 0.9850 0.7950

Avglength 8 3.2928 1.2513 1.2913 0.3709 1.4046 1.3949

Avgcov 9 0.9900 0.9700 0.9250 0.9250 0.9950 0.9500

Avglength 9 3.8329 1.1019 1.4152 2.9014 1.4500 1.2169

Avgcov 10 0.9950 1.0000 0.6450 0.3550 0.9950 0.8100

Avglength 10 7.3340 1.1136 1.5418 0.2474 0.8831 2.1366

Table A2 summarizes the results simulated on Erdos-Renyi type random graphs. When a node is added into the graph, it has

probability p = 0.1 or p = 0.2 to form a link with all existing nodes. The reported coverage is from 200 simulations from 50, 200

and 500 nodes graphs. The active set S0 contains 10 nodes and coverage for each is reported as Avgcov 1-10. Nonactive set Sc
0

contains all remaining nodes. 1. Power represents the averaged percentage in the active set being significant after controlling

False discover rate at 5% using Benjamini-Hochberg method. 2. FDR reports the averaged percentage in the non-active set

being significant after controlling False discover rate at 5% using Benjamini-Hochberg method. 3. For 500 cases, lasso tuning

parameter is chosen using rule of thumb instead of cross-validation.
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Table A3: Simulation: Watts-Strogatz + 5 influential individuals

0.04 0.08

Network Size 50 200 500 50 200 500

Avgcov S0 0.9180 0.8490 0.9920 0.9410 0.8310 0.9860

Avglength S0 5.7298 1.6333 1.6646 5.2069 3.8309 0.9132

Avgcov Sc0 0.9543 0.9646 0.9809 0.9577 0.9581 0.9949

Avglength Sc0 7.8860 5.2748 4.3686 3.4985 2.9435 3.4044

Avgcov β 0.9900 0.9350 0.9933 0.9350 0.9650 0.9950

Avglength β 0.8524 0.4044 0.9067 0.7532 0.5382 1.4130

Power 1 0.0340 0.4350 0.1013 0.1640 0.1020 0.5470

FDR 2 0.0026 0.0000 0.0056 0.0039 0.0000 0.0000

Avgcov 1 0.8450 0.7650 1.0000 0.9700 0.7950 1.0000

Avglength 1 22.9085 1.1822 2.7360 12.8441 1.1567 0.5102

Avgcov 2 0.9550 0.7200 0.9933 0.9400 0.8400 1.0000

Avglength 2 1.6373 5.2736 2.2481 10.5694 8.0125 0.5399

Avgcov 3 0.9150 0.8900 0.9933 0.8850 0.8100 1.0000

Avglength 3 1.3111 0.6948 2.0804 0.7724 0.8774 0.5530

Avgcov 4 0.9500 0.8900 0.9933 0.9550 0.8600 1.0000

Avglength 4 1.1413 0.3973 0.6932 1.0133 1.9001 0.5196

Avgcov 5 0.9250 0.9800 0.9800 0.9550 0.8500 0.9300

Avglength 5 1.6509 0.6189 0.5653 0.8354 7.2078 2.4434

Table A3 summarizes the results simulated on small-world type random graphs. Given the number of node N = 50, 200, 500,

the mean degree for each node is 0.04N and 0.08N . The rewriting probability is fixed at 0.4. The reported coverage is for

200 simulations from 50, 200 and 500 nodes graphs. The active set S0 contains 5 nodes and coverage for each is reported as

Avgcov 1-5. Nonactive set Sc
0 contains all remaining nodes. 1. Power represents the averaged percentage in the active set

being significant after controlling False discover rate at 5% using Benjamini-Hochberg method. 2. FDR reports the averaged

percentage in the non-active set being significant after controlling False discover rate at 5% using Benjamini-Hochberg method.
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Table A4: Simulation: Multiple Networks

0.1 0.2

Network Size 50 200 5005 50 200 5005

Avgcov S0 0.9860 0.9940 0.9990 0.8950 0.9910 1.0000

Avglength S0 10.2325 0.6168 1.4046 6.1020 0.7531 1.1056

Avgcov Sc0 0.9923 0.9884 0.9868 0.9893 0.9909 0.9945

Avglength Sc0 9.2108 2.2820 4.0344 5.9378 1.7050 1.9574

Avgcov β 0.9900 0.9650 1.0000 0.9750 0.9650 0.9900

Avglength β 8.2338 0.5556 1.1923 6.4205 0.6026 1.0265

Power 1 0.3480 0.6810 0.2300 0.5480 0.5620 0.1340

FDR 2 0.0037 0.0003 0.0001 0.0076 0.0026 0.0019

Network 1:

probability3 0.8050 0.8950 0.3700 0.7400 0.8500 0.2300

# identifed 4 2.3540 3.8547 3.2973 4.0743 3.3314 2.9778

Network 2

probability 3 0.0450 0.0550 0.0300 0.1300 0.0350 0.0100

# identifed 4 4.3333 1.0000 2.1667 3.4615 1.0000 1.0000

Avgcov 1 0.9750 0.9950 1.0000 0.8850 0.9950 1.0000

Avglength 1 17.4022 0.7528 0.9309 17.1760 0.9289 1.1231

Avgcov 2 0.9950 1.0000 1.0000 0.9450 0.9950 1.0000

Avglength 2 6.7053 0.4484 1.6877 1.7011 0.5777 1.3113

Avgcov 3 0.9900 0.9800 1.0000 0.9750 0.9850 1.0000

Avglength 3 15.5009 0.7919 1.3359 7.9879 1.0755 0.9475

Avgcov 4 0.9800 0.9950 1.0000 0.8250 0.9850 1.0000

Avglength 4 9.6077 0.5766 1.3279 2.7826 0.7049 0.9092

Avgcov 5 0.9900 1.0000 0.9950 0.8450 0.9950 1.0000

Avglength 5 1.9465 0.4742 1.7408 0.8622 0.4783 1.2387

Table A4 summarizes the results simulated on two Erdos-Renyi type random graphs. One of the network (Network 1) passes the

endogenous effects while the other one (Network 2) is irrelevant to the decision. The reported coverage is for 200 simulations

from 50, 200 and 500 nodes graphs. The active set S0 contains 5 nodes and coverage for each is reported as Avgcov 1-5.

Nonactive set Sc
0 contains all remaining nodes. 1. Power represents the averaged percentage in the active set being significant

after controlling False discover rate at 5% using Benjamini-Hochberg method. 2. FDR reports the averaged percentage in the

non-active set being significant after controlling False discover rate at 5% using Benjamini-Hochberg method. 3. Probability

reports the empirical probability that at least one regressor in the group is significant after controlling False discover rate

at 5% using Benjamini-Hochberg method. 4. # identified reports the averaged number of significant regressors in the group

conditioning on at least one regressor in the group is significant. False discover rate is controlled at 5% using Benjamini-Hochberg

method. 5. For 500 cases, lasso tuning parameter is chosen using rule of thumb instead of cross-validation.
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Table A5: Simulation: Network with Cliques

0.1 0.2

Network Size 50 200 5005 50 200 5005

Avgcov S0 0.9670 0.9580 0.9850 0.9610 0.9954 0.9980

Avglength S0 20.3014 1.3383 1.9988 8.6764 2.0044 4.5572

Avgcov Sc0 0.9665 0.9883 0.9975 0.9680 0.9926 0.9980

Avglength Sc0 14.0695 3.4002 4.7511 40.5927 1.6113 4.7505

Avgcov β 0.9800 0.9950 0.9900 0.9750 0.9943 0.9950

Avglength β 2.9138 0.8404 0.5866 1.5054 0.6253 0.6881

Avgcov γ 0.9600 0.9950 0.9950 0.9950 1.0000 1.0000

Avglength γ 0.5683 0.1568 0.0257 0.4235 0.0544 0.0294

test-γ 6= 0 0.4300 0.3750 1.0000 0.4950 1.0000 1.0000

Power 1 0.0110 0.1890 0.4680 0.0140 0.7726 0.2550

FDR 2 0.0000 0.0035 0.0000 0.0000 0.0009 0.0000

Avgcov 1 0.9650 0.8100 0.9950 0.9700 1.0000 1.0000

Avglength 1 53.2561 3.1993 1.5312 9.2207 0.2910 5.4525

Avgcov 2 0.9350 0.9950 0.9900 0.9150 0.9886 0.9950

Avglength 2 34.8486 0.6602 0.8785 19.9796 8.4948 0.4050

Avgcov 3 1.0000 0.9950 1.0000 0.9500 1.0000 0.9950

Avglength 3 5.2305 0.9718 4.2919 3.9235 0.3581 3.8538

Avgcov 4 0.9800 0.9950 0.9950 0.9800 0.9943 1.0000

Avglength 4 4.0808 1.0082 2.8069 2.9452 0.5204 2.2894

Avgcov 5 0.9550 0.9950 0.9450 0.9900 0.9943 1.0000

Avglength 5 4.0909 0.8519 0.4855 7.3132 0.3577 10.7855

Table A5 summarizes the results for Heterogeneous Endogenous Effects Model with Cliques. The reported coverage is for

200 simulations from 50, 200 and 500 nodes graphs. The active set S0 contains 5 nodes and coverage for each is reported as

Avgcov 1-5. Nonactive set Sc
0 contains all remaining nodes. 1. Power represents the averaged percentage in the active set

being significant after controlling False discover rate at 5% using Benjamini-Hochberg method. 2. FDR reports the averaged

percentage in the non-active set being significant after controlling False discover rate at 5% using Benjamini-Hochberg method.

3. Probability reports the empirical probability that at least one regressor in the group is significant after controlling False

discover rate at 5% using Benjamini-Hochberg method. 4. # identified reports the averaged number of significant regressors

in the group conditioning on at least one regressor in the group is significant. False discover rate is controlled at 5% using

Benjamini-Hochberg method. 5. For 500 cases, lasso tuning parameter is chosen using rule of thumb instead of cross-validation
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Table A6: Descriptive Statistics

village number of number of average average household household average rooms

households villagers age family size having electric having latrine per person

Village1 182 843 32.7 4.6 90.7% 21.4% 0.6

Village2 195 877 31.4 4.5 94.4% 41.5% 0.5

Village3 294 1384 30.8 4.7 96.9% 47.3% 0.6

Village4 239 1026 31.3 4.3 98.3% 39.7% 0.5

Village12 175 802 30.7 4.6 90.9% 37.7% 0.6

Village19 204 1134 30.9 5.6 87.3% 14.7% 0.3

Village20 156 716 32.8 4.6 80.8% 25.0% 0.4

Village21 202 1046 28.6 5.2 83.7% 16.8% 0.4

Village23 254 1252 31.7 4.9 87.8% 28.3% 0.4

Village24 163 835 31.9 5.1 93.9% 13.5% 0.5

Village25 252 1313 30.9 5.2 96.4% 30.6% 0.6

Village28 315 1612 31.6 5.1 97.5% 34.0% 0.6

Village29 290 1337 32.2 4.6 84.1% 28.6% 0.6

Village31 153 851 26.1 5.6 97.4% 34.6% 0.5

Village32 241 1181 30.8 4.9 96.7% 20.7% 0.5

Village33 204 843 33.4 4.1 95.1% 6.4% 0.7

Village36 289 1214 33.4 4.2 84.8% 4.8% 0.7

Village39 289 1343 31.8 4.6 93.8% 42.2% 0.7

Village42 192 853 37.7 4.4 89.1% 28.6% 0.7

Village43 198 875 34.1 4.4 97.0% 26.8% 0.7

Village45 222 1076 29.8 4.8 94.6% 34.2% 0.5

Village47 139 687 33.7 4.9 94.2% 38.1% 0.6

Village50 244 999 34.8 4.1 92.2% 26.2% 0.7

Village51 251 1062 33.9 4.2 89.6% 13.1% 0.7

Village52 327 1525 33.8 4.7 91.7% 21.1% 0.7

Village55 257 1180 35.6 4.6 94.9% 4.7% 0.6

Village57 212 956 28.8 4.5 93.9% 3.8% 0.5

Village59 329 1599 31.4 4.9 96.0% 17.9% 0.6

Village62 190 994 32.1 5.2 92.1% 32.6% 0.5

Village65 299 1335 32.8 4.5 93.3% 29.4% 0.7

Village67 193 893 31.8 4.6 96.4% 25.4% 0.6

Village68 153 663 33.0 4.3 88.9% 22.2% 0.7

Village70 205 899 33.1 4.4 95.1% 24.9% 0.7

Village71 298 1388 28.8 4.7 95.0% 42.6% 0.6

Village72 223 999 32.0 4.5 96.9% 30.5% 0.7

Village73 174 870 30.1 5.0 96.6% 20.1% 0.6

Village75 172 831 32.7 4.8 91.3% 27.9% 0.7

Table A6 summarizes the descriptive statistics for each villages in the data.
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Table A7: Second Stage: who are they

Predefined Selected by LASSO

leaders Cross-validation De-bias

Agriculture labour 0.00 0.31∗∗∗ 0.06∗∗∗

(0.01) (0.01) (0.00)

Anganavadi Teacher 0.14∗ 0.11 0.13∗∗∗

(0.06) (0.07) (0.04)

Bone Specialist 0.83∗∗ 0.29 -0.03

(0.32) (0.39) (0.21)

Blacksmith -0.06 0.19∗ -0.03

(0.09) (0.11) (0.06)

Construction/mud work 0.00 0.17∗∗∗ 0.15∗∗∗

(0.02) (0.03) (0.02)

Government Official -0.02 0.18∗∗ 0.04

(0.05) (0.06) (0.03)

Cook 0.05 0.14∗ 0.03

(0.05) (0.06) (0.03)

Cow/livestock breeding -0.01 0.16∗∗∗ 0.03∗

(0.03) (0.03) (0.02)

Truck/Tractor Driver -0.03 0.16∗∗∗ 0.08∗∗∗

(0.03) (0.03) (0.02)

Factory worker (bricks/stones/mill) -0.00 0.17∗∗∗ 0.07∗∗∗

(0.02) (0.03) (0.01)

Milk dairy -0.00 0.12 -0.04

(0.09) (0.11) (0.06)

Poultry farm -0.10 -0.08 0.25∗∗

(0.12) (0.15) (0.08)

Small business 0.22∗∗∗ 0.18∗∗∗ 0.05∗∗∗

(0.02) (0.03) (0.01)

Silk/Cotton work 0.03 0.16∗∗∗ 0.04∗

(0.03) (0.03) (0.02)

Tailor Garment worker 0.08∗∗ 0.13∗∗∗ 0.03

(0.03) (0.04) (0.02)

Teacher 0.05 0.22∗∗∗ 0.09∗∗∗

(0.04) (0.05) (0.03)

Daily labourer -0.05∗ 0.16∗∗∗ 0.08∗∗∗

(0.03) (0.03) (0.02)

Auto driver -0.00 0.12∗ 0.03

(0.05) (0.06) (0.03)

Police officer 0.21 0.12 0.02

continue on next page
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Table 6 Continued: Second Stage: who are they

Predefined Selected by LASSO

leaders Cross-validation De-bias

(0.18) (0.23) (0.12)

Waterman -0.01 -0.01 -0.01

(0.06) (0.08) (0.04)

Social Worker -0.13 0.21 -0.08

(0.16) (0.20) (0.10)

Carpenter -0.09 0.20∗ 0.08∗

(0.07) (0.09) (0.05)

Electronics 0.11 0.22∗ 0.07

(0.07) (0.09) (0.05)

Goldsmith -0.15 0.07 -0.02

(0.16) (0.20) (0.10)

Hotel worker 0.32∗∗∗ 0.24∗∗ -0.02

(0.07) (0.09) (0.05)

Poojari 0.53∗∗∗ 0.15 -0.05

(0.13) (0.16) (0.09)

Post man -0.14 0.19 0.10

(0.12) (0.15) (0.08)

Veterinary clinic 0.87∗∗ -0.03 0.00

(0.32) (0.39) (0.21)

Mechanic 0.04 0.19∗∗ 0.10∗

(0.06) (0.07) (0.04)

Painter 0.03 0.12 0.13∗∗

(0.07) (0.09) (0.05)

Real Estate business 0.05 0.20 0.08

(0.11) (0.13) (0.07)

Skilled labour/work for company 0.06 0.15∗∗ 0.01

(0.05) (0.06) (0.03)

Barber/saloon 0.41∗∗∗ -0.01 -0.02

(0.10) (0.12) (0.06)

Lawyer -0.09 0.33 0.00

(0.18) (0.23) (0.12)

Security guard -0.11 0.18 -0.05

(0.13) (0.16) (0.08)

Librarian -0.11 0.18 -0.04

(0.32) (0.39) (0.21)

Student -0.20 0.10 -0.03

(0.23) (0.28) (0.15)

Doctor/Health assistant 0.26∗ 0.03 -0.06

(0.10) (0.12) (0.07)

continue on next page
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Table 6 Continued: Second Stage: who are they

Predefined Selected by LASSO

leaders Cross-validation De-bias

Fireman 0.00 0.00 0.00

(0.00) (0.00) (0.00)

Photographer -0.07 0.24 -0.00

(0.23) (0.28) (0.15)

Folk artist 0.38∗ 0.08 0.44∗∗

(0.23) (0.28) (0.15)

Begger 0.00 0.00 0.00

(0.00) (0.00) (0.00)

Wood cutter -0.03 0.15∗ 0.12∗∗∗

(0.06) (0.07) (0.04)

Musician/Artist 0.37∗ 0.37 0.02

(0.23) (0.28) (0.15)

Animal skin business 0.36 0.62∗ 0.52∗∗∗

(0.23) (0.28) (0.15)

Control village fix effect Y Y Y

Table A7 is the full regression table that contains table 4 and 5. The first column uses whether one is predefined leaders as

response variable, the second column uses whether one is selected by lasso under cross-validation method as response variable

and the third column uses whether one is selected by lasso using de-bias method as response variable. Standard errors in

parentheses * p < 0.1, ** p < 0.01, *** p < 0.001.
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