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The Practical Problem

• There are 37 villages located in rural
southern Karnataka, India.

• A non-profit organization started
introducing micro-finance program in
these villages in 2006.

• Question:
How to identify influential villagers to
boost the participation in this
micro-finance program?
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Predefined Leaders

• Economists have conducted a survey in these villages and gathered
leader information 6 months before the entry of micro-finance program.

• The predefined leaders identified in the survey may contain bias and
may not be relevant to the specific content of interest.
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Centrality-Defined Leaders

• The Survey also contains social and economic networks information.

◦ borrow rice from each other

◦ borrow money from each other

◦ visits each other in free time

◦ non-relative friends

◦ relatives

◦ ask for help under medical emergency

◦ ask for advice or help with decision

◦ visit temple/mosque/church together
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Centrality-Defined Leaders

• Centrality characterizes the importance of villagers based on the
network structure.

• Different networks imply different set of high-centrality villagers.

◦ Which networks are relevant to villagers’ financial decisions?

• Within each network, villagers are either connected or not.

◦ Treating each connection the same implies homogeneous influence in the network.

◦ More connections implies stronger influence.
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Non-network Information

• Financial information is also available
without network structure.

◦ whether a villager owns a bank account

◦ whether a villager has participated in a
micro-finance program before
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More General Questions

• How to identify content-specific leaders and followers?

◦ Which students influence their classmates’ smoking decisions?

◦ Which hedge fund manager’s portfolios have larger impact on other managers’
decisions?

◦ Which online opinion leaders can encourage other users to tweet?

◦ Which experienced workers can boost the productivity of their co-workers?

• This paper proposes a new method to identify content specific leaders
and followers in a network.

• My methodology combines:

◦ network information that may not be relevant to the specific content;

◦ content-specific information which does not contain network structure.
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Neighbor’s Behaviors are Informative
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Neighbor’s Behaviors are Informative

Estimated non-influential villager Estimated influential villager
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Neighbor’s Behaviors are Informative

High centrality villager in temple company
network

High centrality villager in visit go-come
network
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Preview of Results

• Connectedness 6= Influence

◦ Some networks are more influential to villagers’ financial decisions than other networks.

. “Visit go-come”, “borrow-lend keroric”, “borrow-lend money”, “friendship”

◦ The fact that a villager is selected as a predefined leader does not a priori guarantee
her influence.

. Barbers, hotel workers, and tailors, who have many connections and are selected
as predefined leaders, are not truly influential.

◦ Targeting villagers effectively can substantially boost the participation of the
micro-finance program.
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Literature and Contributions

• Extend classic Spatial Autoregressive (SAR) models by allowing
identification of heterogeneous spillover effect at individual level:

◦ e.g. Anselin (1988), Lee (Econometrica, 2004)

• Extend the literature on key players in network:

◦ e.g. Ballester et al. (Econometrica, 2005), Calvo-Armengol et al. (RES, 2009)

• Extend the use of machine learning methods in social network literature:

◦ e.g. Manresa (2013), de Paula et al. (2015), Battaglini et al. (2019)

• Technical Contributions:

◦ Derive statistical properties for my LASSO estimator.
. e.g. Belloni et al. (Biometrika, 2011), Zhu. (JoE, 2018)

◦ Derive uniformly valid inference including confidence intervals.
. e.g. van de Geer et al. (Ann. Stat., 2014)
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Network Primer

• Network data represent how villagers are connected.

◦ Data is in the form of matrix M .

◦ Mij = 1 if villager i and j are connected.

◦ The set of neighbors for villager i is defined as Ni = {j : Mij = 1}.

◦ Different interactions can be viewed as multiple networks on the same set of villagers:
M(k), k = 1, 2, · · · q.

• My proposed method picks out

◦ important types of interactions that predict villagers’ decisions.

◦ influential villagers whose decisions affect their neighbors’ decisions.
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Standard SAR Model

Decision to Join the Micro-finance Program

di: villager i’s decision to participate

di = α
∑
j∈Ni

dj + xiβ0 + εi

• Standard SAR model assumes a constant rate of influence α.

◦ More connections (centrality) imply stronger influence.

Heterogeneity

Sida Peng (Microsoft Research) 12 / 34



Standard SAR Model

Decision to Join the Micro-finance Program

di: villager i’s decision to participate

di = α
∑
j∈Ni

dj + xiβ0 + εi

• Standard SAR model assumes a constant rate of influence α.

◦ More connections (centrality) imply stronger influence.

Heterogeneity

Sida Peng (Microsoft Research) 12 / 34



Outline

Background
Network Primer and Standard SAR Model

Model
Heterogeneous Endogenous Effects Model
Assumptions

Estimation
Two Stage LASSO Estimator and Asymptotics

Empirical Application
Results

Sida Peng (Microsoft Research) 12 / 34



Heterogeneous Endogenous Effects Model

• Consider the decision to join the micro-finance program.

Standard SAR: di = α
∑
j∈Ni

dj + xiβ0 + εi

My Model: di =
∑
j∈Ni

djηj + xiβ0 + εi

◦ where ηj represents endogenous effect of individual j.

• My model allows heterogeneity to be identified by the data.

◦ Individuals with high centrality are not necessarily the key players in the network.

j

. . . . . .
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Heterogeneous Endogenous Effects

Heterogeneous Endogenous Effects Model

Dn =
(
Mn ◦Dn

)
η0 +Xnβ0 + εn,

. where A ◦ B = A · diag(B).

• Two Main Problems:

◦ There are n+ k unknowns (η0,n×1, β0,k×1) but only n observations.

◦
∑
j∈Ni

djηj is correlated with εi.
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Assumption 1: Sparsity

• Only a small number of villagers are leaders and the rest are followers.

Sida Peng (Microsoft Research) 15 / 34



Assumption 1: Sparsity

Assumption 1

Let Sn ⊂ {1, 2, · · · , n} denote the set of influential individuals (i.e.
ηj 6= 0). Let sn = |Sn| be the number of elements in Sn. Then

sn = o

( √
n

logn

)
as n→∞

• Sparsity assumption can be relaxed in an extension of the model.
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Assumption 2: SAR restrictions

• Villagers’ simultaneous decision rule is well-defined and there is a
unique equilibrium.
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Assumption 2: SAR restrictions

Assumption 2

- There exists an ηmax < 1 such that ‖η0‖∞ ≤ ηmax.

- εj is i.i.d sub-Gaussian random variable with 0 mean and
variance σ2.

- The regressors xi in Xn are non-stochastic and uniformly
bounded for all n. limn→∞X

′
nXn/n exists and is nonsingular.

- The minimum eigenvalue of (In −Mn ◦ η0), Λmin, is uniformly
bounded away from 0.
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Assumption 3: Instruments

• Restrictions are imposed on network topology to allow identification.
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Assumption 3: Instruments

• Solve Dn as a function of exogenous variables. Sketch

E(Dn) = Xnβ0 +
(
Mn ◦Xn

)
η0β0 +

∞∑
i=2

(
Mn ◦ η0

)i
Xnβ0

Proposition 1

Under Assumption 1 and 2

E(Dn) = Xnβ0 +
(
Mn ◦Xn

)
η̃,

where η̃j = ηj g̃(η0, β0, Xn,Mn) for some function g̃ depending on η0,
β0, Xn, and Mn.
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Assumption 3: Instruments

• Ideal case: the set of influential individuals (Sn) is known.

◦ Define (·)Sn as matrix restricted to columns indexed by Sn.

• The exogenous characteristics of influential villagers can be used as
instruments for their neighbors.

◦ (Mn ◦Xn)Sn is correlated with Dn.

◦ (Mn ◦Xn)Sn is not correlated with εn.

⇒ (Mn ◦Xn)Sn and Xn are valid instruments.

Assumption 3[
Xn, (Mn ◦Xn)Sn

]
is full rank.
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Assumption 3: Instruments

S1

S2

. . .

S1

S2S3

. . . . . .

• If influential individuals are connected to every node (left) or to a complete partition of nodes
(right), perfect collinearity occurs and Assumption 3 is violated.
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Assumption 3: Instruments

S1

S2

. . . . . . . . . . . .

• Influence of S1 can be estimated by comparing red and yellow groups, while influence of S2

can be estimated by comparing blue and yellow groups.
• One can interpret the η0 coefficients as fixed effect for influential individuals.
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Sn unknown

• Typically, Sn is not known to us.

• But (Mn ◦Xn) contains the valid instruments (Mn ◦Xn)Sn .

• Use LASSO to select instruments in the first stage.

LASSO Estimator

(β̃, η̃) = min
β,η

∥∥∥Dn −Xnβ − (Mn ◦Xn
)
η
∥∥∥2

2
+ λ|η|1
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Assumption 4: LASSO restrictions

• Additional restrictions on villagers network topology is needed in order
for LASSO to achieve consistent selection.
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Assumption 4: LASSO restrictions

Assumption 4

(Irrepresentable Condition) There is a ϑ ∈ (0, 1) such that

max
‖u‖∞≤1

∥∥∥diag(fScn) · ΣM2,1(ΣM1,1)−1 · diag(fSn)−1 · u
∥∥∥
∞
< ϑ

where

Σ :=
1

n
M ′nWnMn =

(
ΣM1,1 ΣM1,2
ΣM2,1 ΣM2,2

)
and

f = (I −Mn ◦ η0)−1Xnβ0

(Beta Min Condition) ∃ N ∈ N and m > 0 such that ∀ n ≥ N

min(|η0|)S ≥ m/
√
n
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Irrepresentable Condition

S1

. . .

s4

S1

. . . . . .

. . .
s4

• If an influential individual has the same neighbors as a non-influential individual (left),
Irrepresentable Condition is violated.

• Influence of S1 can be estimated by comparing blue and yellow groups.
• s4 is identified as non-influential once we compare blue and green groups.
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Summary and Extensions

• Under Assumptions 1-4, my model is identified as a linear system with a
unique solution.

• Further extensions can allow for more flexible network structures.

◦ Network with multiple cliques:

Dn =
(
M
∗
n ◦Dn

)
η0 +M

∗
nDnγ

end
0 +M

∗
nXnγ

exo
0 +Xnβ0 + µc + εn

◦ Existence of multiple networks (i.e. multiple types of connections among individuals).

Dn =

q∑
j=1

(
M
j
n ◦Dn

)
η
j
0 +Xnβ0 + εn

Sida Peng (Microsoft Research) 24 / 34



Outline

Background
Network Primer and Standard SAR Model

Model
Heterogeneous Endogenous Effects Model
Assumptions

Estimation
Two Stage LASSO Estimator and Asymptotics

Empirical Application
Results

Sida Peng (Microsoft Research) 24 / 34



Two Stage LASSO

Two Stage LASSO

• Estimate the first stage:

(β̃, η̃) = arg min
β,η

∥∥∥Dn −Xnβ − (Mn ◦Xn
)
η
∥∥∥2

2
+ λ1|η|1

and obtain a LASSO fitting D̂n:

D̂n = Xnβ̃ +
(
Mn ◦Xn

)
η̃

• Estimate the second stage:

(β̂, η̂) = arg min
β,η

∥∥∥Dn − (Mn ◦ D̂n
)
η −Xnβ

∥∥∥2

2
+ λ|η|1,
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De-sparse 2SLSS Estimator

• Mostly Dangerous Econometrics:

◦ Standard inference procedure does not apply directly to machine learning methods
involving model selection.
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De-sparse 2SLSS Estimator

• (β̂, η̂) as defined in the previous slides are asymptotically biased.

• De-sparse 2SLSS Estimator:

ê = η̂ + Θ̂X̃ ′n(Mn ◦ D̂n)′Wn(Dn − (Mn ◦Dn)η̂)/n

b̂ = β̂ −
(Xn − (Mn ◦Dn)γ̂β)′

(
(Mn ◦ (D̂n −Dn))η̂

)
(Xn − (Mn ◦Dn)γ̂β)′Xn

◦ X̃n = 1
n (Mn ◦Dn)′Wn(Mn ◦ D̂n)

◦ Θ̂ and γ̂β are constructed by nodewise regression.

• Define the set of estimated influential individuals as

Ŝn = {i|η̂i 6= 0}
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Asymptotic Distribution

• Under Assumption 1-4, I derive asymptotic normality for ê and b̂, and
prove selection consistency for Ŝn. Normality

• Similar asymptotics can be constructed for extensions with cliques and
multiple networks.

• My proof extends the existing literature on inference for LASSO
estimator in two aspects:

◦ I derive asymptotic distributions for my LASSO estimators.

. Extend the de-sparse LASSO estimator in van de Geer (2014) to two-stage
setting with spatial correlation.

◦ I derive statistical properties for sparse group LASSO estimator in extension with
multiple networks. Sparse Group LASSO
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Empirical Evidence: Influential Networks

Second Stage: influential networks

visit friendship borrow-lend borrow-lend help relatives medical temple
go-come money keroric decision help company

Cross-validation:

probability 70% 54% 49% 38% 30% 22% 14% 0%

number detected 101 89 86 88 70 69 80 0

De-sparse:

probability 54% 35% 19% 30% 8% 16% 5% 0%

number detected 11 8 9 8 14 7 8 0

magnitudes 0.0166 0.0095 0.0061 0.0070 0.0040 0.0050 0.0028 0.0018

• Some networks are more influential than others.

Sida Peng (Microsoft Research) 28 / 34



Empirical Evidence: Influential Networks

Second Stage: influential networks

visit friendship borrow-lend borrow-lend help relatives medical temple
go-come money keroric decision help company

Cross-validation:

probability 70% 54% 49% 38% 30% 22% 14% 0%

number detected 101 89 86 88 70 69 80 0

De-sparse:

probability 54% 35% 19% 30% 8% 16% 5% 0%

number detected 11 8 9 8 14 7 8 0

magnitudes 0.0166 0.0095 0.0061 0.0070 0.0040 0.0050 0.0028 0.0018

• Cross-validation: detection based on LASSO using Cross-validation.
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• Probability: empirical probability of at least one leader being detected in
a given network.
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• Number detected: average number of leaders detected conditional on at
least one leader being detected.
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• De-sparse: detection based on de-sparse LASSO estimator controlling
FDR at 5%.
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• Magnitude: magnitude of the endogenous effect based on De-sparse
LASSO estimator.
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Empirical Evidence: Influential Networks

Second Stage: influential networks

visit friendship borrow-lend borrow-lend help relatives medical temple
go-come money keroric decision help company

Cross-validation:

probability 70% 54% 49% 38% 30% 22% 14% 0%

number detected 101 89 86 88 70 69 80 0

De-sparse:

probability 54% 35% 19% 30% 8% 16% 5% 0%

number detected 11 8 9 8 14 7 8 0

magnitudes 0.0166 0.0095 0.0061 0.0070 0.0040 0.0050 0.0028 0.0018

• “visit go-come”, “friendship”, “borrow-lend keroric/money” networks are
more influential to villagers’ decisions to join micro-finance program.
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Overlap between LASSO-detected and Predefined Leaders

% of predefined leaders among:

LASSO-detected entire village

Cross Validation 14% 11%De-sparse 17%

• 2SLSS estimator is more likely to select predefined leaders.
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Who are Leaders

Predefined Selected by LASSO
leaders Cross-validation De-sparse

Agriculture labour 0.00 0.31∗∗∗ 0.06∗∗∗

(0.01) (0.01) (0.00)
Anganavadi Teacher 0.14∗ 0.11 0.13∗∗∗

(0.06) (0.07) (0.04)
Construction/mud worker 0.00 0.17∗∗∗ 0.15∗∗∗

(0.02) (0.03) (0.02)
Truck/Tractor Driver -0.03 0.16∗∗∗ 0.08∗∗∗

(0.03) (0.03) (0.02)
Factory worker (bricks/stones/mill) -0.00 0.17∗∗∗ 0.07∗∗∗

(0.02) (0.03) (0.01)
Teacher 0.05 0.22∗∗∗ 0.09∗∗∗

(0.04) (0.05) (0.03)
Daily labourer -0.05∗ 0.16∗∗∗ 0.08∗∗∗

(0.03) (0.03) (0.02)
Small business 0.22∗∗∗ 0.18∗∗∗ 0.05∗∗∗

(0.02) (0.03) (0.01)

Tailor Garment worker 0.08∗∗ 0.13∗∗∗ 0.03
(0.03) (0.04) (0.02)

Hotel worker 0.32∗∗∗ 0.24∗∗ -0.02
(0.07) (0.09) (0.05)

Poojari 0.53∗∗∗ 0.15 -0.05
(0.13) (0.16) (0.09)

Veterinary clinic 0.87∗∗ -0.03 0.00
(0.32) (0.39) (0.21)

Barber/saloon 0.41∗∗∗ -0.01 -0.02
(0.10) (0.12) (0.06)

Control other careers Y Y Y
Control village fix effect Y Y Y
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Counterfactual: Targeting Leaders

• How would participation rate change if all leaders join the micro-finance
program? .

No targeting
Targeting Targeting

Predefined LASSO
Leaders Leaders

Participation rate of non-leaders 16% 20% 33%
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Conclusion

• Propose heterogeneous endogenous effects model.

• Propose instruments and a de-sparse two-stage LASSO estimator.

• Construct uniformly valid inference for my estimator.

• Empirical application: Micro-finance in rural India

◦ “visit go-come”, “friendship”, “borrow-lend keroric”, “borrow-lend
money” networks are more influential than other networks.

◦ Predefined leaders are not a priori guaranteed to be influential.
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Appendix

Sida Peng (Microsoft Research) 1 / 34



Asymptotic Distribution

Theorem 1

Under Assumption 1-4, there exist constant c1, c2, c3 and ι : ‖ι‖0 < ∞ such

that for the first stage tuning parameter λ1 ≥ 2

√
4σ2c1Λ−2

min logn

n
and second

stage tuning parameter λ ≥ 2

√
4σ2c3Λ−2

min logn

n
+ 2c2λ1 + 2c3λ1, the de-

sparse estimator
√
n(ι′ê− ι′η0) =

1
√
n
ι′Θ̂X̃ ′nε− ι′∆ ∼ N(0, σ2ι′Θ̂X̃ ′nX̃nΘ̂′ι)

√
n(b̂− β0) =

(Xn − (Mn ◦Dn)γ̂β)′ε

(Xn − (Mn ◦Dn)γ̂β)′Xn
+ ∆β

∼ N

0, σ2 (Xn − (Mn ◦Dn)γ̂β)′(Xn − (Mn ◦Dn)γ̂β)(
(Xn − (Mn ◦Dn)γ̂β)′Xn

)2


where ‖∆‖∞ = op(1), ‖∆β‖∞ = op(1). sketch of proof
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Asymptotic Distribution

Theorem 2

Under Assumption 1-4, there exist γ̃ > 1 and ϑ̃ = 1+ϑ
1−ϑ , such that for

λ ≥ 4(γ̃ ∨ ϑ̃)

√
σ2c3Λ−2

min logn

n
+ 2c2λ1 + 2c3λ1,

lim
n→∞

P(Ŝn = S) = 1
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Theorem 1

Lemma 1

For λ1 ≥ 2

√
4σ2c1Λ−2

min logn

n
, with probability at least 1− 1/n

‖Wn(Mn ◦Xn)(ˆ̃η − η̃0)‖22/n+ λ1‖ˆ̃η − η̃0‖1 ≤ 4λ2
1s0/φ

2
0

Lemma 2

Choose λ ≥ 2

√
4σ2c3Λ−2

min logn

n
+ 2c2λ1 + 2c3λ1, with probability at least

1− 1/n− 2 exp
(
−c′3n

)
‖Wn(Mn ◦ D̂n)(η̂ − η0)‖22/n+ λ‖η̂ − η0‖1 ≤ 4λ2s0/φ

2
0
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Sparse Group LASSO

• I propose the use of the sparse group LASSO when there exists multiple
networks.

(β̃, η̃) = arg min
β,η


∥∥∥∥∥Dn −Xnβ −

q∑
j=1

(M j
n ◦Xn)ηj

∥∥∥∥∥
2

2

+

(
q∑
j=1

(
λ1‖ηj‖1 + λ2‖ηj‖2

))}

• I derive statistical properties of this estimator in order to prove
consistency and asymptotics for the 2SLSS for multiple networks.
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Invertibility

• I use exogenous characteristics of influential individuals as instruments
for their neighbors.

• Following Kelejian and Prucha (1998), I solve for Dn as a function of
exogenous variables.

• By Assumption 2:

Dn =
(
Mn ◦Dn

)
η0 +Xnβ0 + εn

⇔Dn =
(
Mn ◦ η0

)
Dn +Xnβ0 + εn
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• By Assumption 2:

Dn =
(
Mn ◦Dn

)
η0 +Xnβ0 + εn

⇔Dn =
(
In −

(
Mn ◦ η0
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Invertibility

• I use exogenous characteristics of influential individuals as instruments
for their neighbors.

• Following Kelejian and Prucha (1998), I solve for Dn as a function of
exogenous variables.

• Assumption 2 implies that

Dn =
(
Mn ◦Dn

)
η0 +Xnβ0 + εn

⇔Dn =
∞∑
i=0

(
Mn ◦ η0

)i
(Xnβ0 + εn)
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Heterogeneity in SAR Model

• Heterogeneity can be specified exogenously:

Structural SAR Model

di = α
∑
j∈Ni

djwij + xiβ0 + εi

◦ wij are spatial weights between individual i and j.

◦ Observed exogenous characteristics can be inserted into wij , e.g.

wij = |xi − xj |
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Heterogeneous Endogenous Effects Model

Heterogeneous Peer Effects Model

di = αi
∑
j∈Ni

dj + xiβ0 + εi

• Masten (RES, 2017)

Fully Saturated Models

di =
∑
j∈Ni

djηij + xiβ0 + εi

Go back

Sida Peng (Microsoft Research) 8 / 34


	Background
	Network Primer and Standard SAR Model

	Model
	Heterogeneous Endogenous Effects Model
	Assumptions

	Estimation
	Two Stage LASSO Estimator and Asymptotics

	Empirical Application
	Results

	Appendix

